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(HHThTT Integrals )

o Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <+
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Teh AR 3NN o &9 § R il 21 i, fom wel wifsehar <1 fafg=r &
T 3MF YhR i Taen GaEet &l 8a & o fau ft Ffy=a aueeres &1 s9am
ERIESIGIRS
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ey, et Sl W fomn ==Y,
& Wd € T i(sin X)=cos x . (D)
dx
i\ 3 =X .. (2)
C: %(6") = ¢ . (3)

20 UfHd W T foh FEE (1) § %o cos x BT sin x T TS ¢l 39 &1
T YRR A #8d 2 T cosx 1 GTasTahars (3196 THhe) sin x gl 36 TR (2)

3
TE (3) W« 3R o o Yasrasmers (1¢E FHH) W:%aﬁt e* Bl I: BN
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e o qyEEd W Wes 3= C i %I HH UM Hieh WK Y Fehd 2| TE HRO
2 fF C ol J9ER =5 3o $Ed & oqd: C T yroa ¢, f5i@es o w1 qiafda
ek g XU gU Wor o fafi= gfasteshorsil a1 AHehorl sl e i 21 Smehd: 4

T %o Fua @ T %F(X)Zf(X), v x e | (arfaes T&mst &1 3iadd) a1 Yol

S TR C, % T % F)+C = f (@), xe I

T YHR {F+C,Ce R}, f o Wiasfaehersii & TRER i oFF &l 8, Sl C
U F1 ST HEad 2

UM STehers] ] Bl B Uk 379 1 3a¥ 81 &1 39! €911 o foae, 9
AT ¢ IR 1 U@ & ®or € fSeh e 3faia 18 999 ©

f@) =g @) —h (), vxe 5N IRAMG ®eM f =g — h T fT=RX FifEQ

al %Zf’zg’h’ T F)=g ()- W (x) vxe 19 2l
YA £ (x) =0, Vx € | (afhedT H)
AUl 19 xoh Qel £ o 9fadT ® ¢ A 2 3R safe £ T =R 2

SR feolt o S ER @' Fehd e == € fob ufem (F+C, Ce R},
£ oF | giaeTerhersi 1 YEH Il 2

9 B9 T U Wi O IR 21 € S o wfdsteskerstt & R aReR i fefaa s

77 Tl [ f(x)dx ¥, T xS W f B ST W % w9 F e S 2
wisd: T [ f(x) de=F (x) + C formdt 21

Hepaw e gan @ fo %Zf(X),ﬁ%FyZIf(x)dxﬁfl'@ﬁ%I

gfawn o faq g8 frefaiad gdienl/q]l/&mernsn i 39eh 319 |fed Rl 7.1 §
ITaTEd FW T
|t 7.1
Weiieh/Ug /aTHITIT atef

[ £ @) ax f W1 x % HYE GHEHE

[fGyax & 7 TH
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jf(x)dxffx FHThTH 1 =X
AR Al AR F1d hl
foh1 FHEREA Ts e F fSwes fou
F'(x) = f (%)
THRH Wikl HHIh AT S Rl YshH
AT w1 3T Hig W IRafas e S =R
T HeEd 2

&1 Jed ¥ € 9gd U YHE Horl o tdehalsi o g S &1 3 oAl oh W &Y
AR o I G i qid for@ wand €1 g g e 6t g frefafaa €

ST YA B9 R Herl oh HHIREH! ohl A hT] H HI|

3dhetsT Derivatives

‘ i xn+1 _
0 de\n+1)
fafire 9 4 &9 3@y €

<L (x)=1

(i) % (sin x)=cos x

(iii) % (—cos x)=sin x
d

(iv) = (tan x) = sec’x

) 4 (- cot x) = cosec’x
dx

. d
(vi) — (sec x)=sec x tan x

dx

. d
(vif) —- (— cosec x) = cosec x cot x
x

TR ( UfasTaeherst )

Integrals (Antiderivatives)

n+1

Ix" dx:):Hl +C, n#-1
Idx:x+C

cosxdx=sin x+C

sinxdx=—-cosx+C

sec’ xdx=tan x + C

cosec’ xdx=—cot x+C

secxtanxdx=secx+C

cosec x cot x dx =—cosec x + C

L U Y T S—
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i) %(sinlx): 1ix2 j\/%: sin”! x+C
(ix) %(—Coslx): 11x2 I lcixxz —_cos 'x+C
(x) %(tan1 x): 1+1x2 Ilfiz =tan ' x+C
iy - (Coot ! )= J- =t e
O e

(xiii) ix (* cosec X) = #\/T—l J‘#\/% =—cosec 'x+C

(xiv) % (e)=¢" [erax=e*+C
(xv) % log|] i idx loglx| C

(xvi) % loa;a a* a*dx loagxa C

TN T T YR IH e w1 o FE w fored e wew
fenfom 2 qenfy et off faftre we & el o s off wam W we wfe

7.2.1 AATS=Id QUIRAT T SOIUATT A%90T (Geometrical interpretation of
indefinite integral)
A WS R £ () = 2x W [ f(x) dx =27 +C T C = fafa= =1l o fore ww faf=

guhe U ?1 W S gfe @ wdfl "Wehen ®wEE 21 3§ UeR
y=x2+C, &l C Ush W@=s 3R g, GHehel o Wb Uier i Fefud &l g1 C, &
fafe=1 9 YoM ek & YNEN o fafi= 98 s i 21 59 Helsh! WiHfod w9
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SFfrea qHReH 81 TR ddl Yde SHRER U U i TIEd shidl @ [SIeeRT 318

y-3181 o I B

T C =0k fau 89 y=x2 9 & < ok U@ weaerd € forman 3fd qor fag
WRIC=1% fau ofh y=x2+ | WA y=x> ! Toh SHIE y-3A& o 37 HcHS TG0
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39 Y 3 Taadl o @l x=a
SR Wi W fEeR whed §1 STepfd 7.1
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T fifde wear € fF o7 weft foged
W Tl H el @l e 2
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7.2.2 SIff¥=Ia QurReT Tl & FI ﬂ'UTSNv'f (Some properties of indefinite integrals)
39 39 UR=e’ ° W Sffy=a gurshe o S TUIHmE! &l S Sl
() Frfafaa ot & @3 # sraeher T GARRTR o YRH U T & Hohd ¢

(i)

L r@dv=f )
X

AR f (x)dx =f(x)+C, &l C Us @3 3R 2|
suut oF ST fR F, £t dfastaesmet @ ereiq

%F(x) —F()

ar fx)dx =F(x) + C
SRSl i f(x)dxziF(x)JrC
dx dx
- LFW =W
36 YN B9 3@ € 6

7 = < 1

IR gfee f(x)dx =f(x)+C

&l C U T&ws 3TN 2 Tt gumeher =R shed 2l

T T A= GHeher T5eh 3Teherst T © 9ehi o Tk 81 YNER i 9ia
W € 3N 3W YhN WA 2

STt O AT f e g UE Q) e ® RS

d d
o f(x)dx = p g (x)dx

g [0 fo ] -0

a7 [£@)yde—{g (x)dx=C, < C T refass e 21 (Fi?)

e [fyde={g @ ax+cC
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ofeT @l o 9Rerk f(x)dx C,,C, R
w g)dx C,,C, R wwged 2
4 R F(x)dx 3 g(x) dx TogeA T

T gfe® f()dx+C,C, R W gk dr+C,,C, R i

FEGE B FUER [ f () dv= [ g(x) dx, fore o w € e e b
o &t 2

i) [[£C)+g@]dr=[f(x)dx+[g(x)dx
e (i) |

%[ [Lr@+gldx = £ + g ) (D)

= g8 7@ ® T

d d d
@ dv [ed |==- [feyde+- e de = f+g0) . @)
TH YR Ui (ii) o Hed # (1) @R (2) 9 U g @ f

[(Fe0)+ g) de=[ £ (x) dx+ [ g(x) dx

(iv) forel aeafers s@n k, & faw [k () de=k [ f(x) dx

Tt ()89 L [k £ de=k £
dx

R %[k [ dx]:k%_[f(x) dx=k f(x)

Tufere quren (if) 1 STERT e g€ W UM ¥ R [k £ (0) dx =k [ £(x) dx

(v) WO (iii) 3TR (iv) BT £, [, .../ e ! Ffea S i arsfas wemstik,,
ky, ...k o ToTQ ot saTqeRIeRT0 foRar ST wear & S R A fean @

[k fi )+ ks fy () + ot K, £, (0)]
= k[ £ dx+ky [ £, () dx+ .tk [ £, () d



HHh AT 311

QU gL e o1 GiasTaherst T1d i oh T 8 STaaM § UM Held ol @rsl

& TTEeh1 3teeherst a1 g3t e 21 31T e 1 36 WohR &1 @i, Sl U g wer

o Yid el T i oF [OQ &1 Sl 2, 1 0 g SHehe %ed ¢ 39 89
+ T § T

Flteqor fafy =1 YA d gU Fefafad wemi o1 gidsTasherst Sd hitea)

1
(i) cos 2x (i) 3x*+4x° (iii) R #0

(i) &9 U U ®or &1 @S T 9ed 2 fSERT s cos 2x @

. d
&9 Sd @ T a(sian)=2cost

Ld . 4 lsin2x
AU cos 2x = > I (sin 2x) = PR

1 .
ST cos 2x 1 Ueh Yld3Techers] Estx 2

(i) B9 U UH Ho HI @IS HE ARd § [SHehl Eeherst 3x2 + 4x° B
d (s 4
Ad E(X +x)=3x2+4x3
TEIT 302 + 4x° 1 FiasTaehets! © + x* 2l
(i) &9 <d €
1

i(logx) L oa?r{i[log(_x)] Loy Lo
dx X dx —X X
= 9 7 e e w e § 2 (logl]) = v 0

et [~ dx=log |y, 0 fir — % s # 3 v @

frafafeq weaql =1 @ wifee
. IXS—ld . : 2 b Ly
@ 2« (i) j (3 +1)dx (i)  (x e —;) x
%‘?WW%

IX3;1dx:dex—Ix2dx (Torerd v 9)
X
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x1+1 x—2+1
= G- TG s ¢, ¢, aEmEReR aR

2 -1
_ i -f-_q
2 1

2
1
X

2
X

1 .
=+ +C, W C=C - C,Th 5 Fher TR 2
X

- TCUIUT) | S AT W ohad SAfqH SW U €, Uk HHeher TR fa@ |

(i) Rl
I(xi +1)dx= Ix§ dx + Idx

(iii) qﬁj(x§+2ex—i)dxzjx§ de+ [2e" dx—jédx

E+1
2

E+1
2

+2ex—log|x|+C

5 3
= gxz +2@x—log|x|+C

sarEivl 3 frAfafaa gueRaH ol F| Sifey

@) I(Sin X +¢cos x) dx (ii) Icosec x (cosec x + cot x) dx

1—sin x
dx
(i1f) I cos’ x
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(i) =&
I(sin X+ cos x)dx = Isin xdx+ Icos x dx
= —cosx+sinx+C
(i) =r=f
I(cosec x (cosec x + cot x) dx = Icoseczx dx + Icosec x cot x dx
= —cot x —cosec x + C

(i) =&l

P 2=l

1 sin x
5 dx — I > dx
Ccos“x Ccos“x

=Iseczx dx — Itan x sec x dx
=tan x —sec x+C

f(x) = 4x* — 6 51 URWIoa %o f +1 gfaeTohas F 91 hifsq el

F(0)=3%
f(x) 1 TH Yid TETHAS 1 — 6x B
EED %(x4—6x) = 4x3 — 6, zafe YfaeTase F,
F(x) =x*— 6x+C, 51 39 & el C 3T 2|
fean gan 2 T F(0)=3
T WIS B @ 3=0-6x0+C
e Cc=3

aa: S wfaeraehers, F (x) = x* — 6x + 3 g1 URHAd G Afgda wer 2|

() B9 @A 2 T A€ £ o wlaerasast Fe d F+C,w&l C U =R 8, o £ &
T Yfaetaehers €1 39 YR A eH ol f 1 T Yfaeiashest F o € @ &0
Fo &g ot 3=) Siga f o 3d giaerases fod Wehd ¢ 5= F (x) +C,
Ce R% &Y ¥ fqeer fopan o Wenal 21 ST & wmm=ra: W aifafie
Hicreiel ol W HTA ST Bl @ e C ol Wb faf¥me 7 wrst gian € @i
fSteeh RomeaEy KU gU wor #1 U afgdia giasteshos 9 g 2|
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(1)

(ii)

RG]

FHi-dl F bl URINH ®orl o o 9gue, oermores ™, =) Hraih!, Sesiofid,
AR yige™ Prepoiida, Tofe o ®9 § 3ifiyene il 3WEYa 8l 81 SHiAY
[ £ (o) dx 5 e sreres @ ST 21 S Flw fafe & [o dy T
HT STEYE © iR T 9 89 TH B T 781 L Hehd FoIeeh] STaehars]
e * Rl

IfE AT 1 =R x, o AMARE 379 F1E € @ AR & g IGIAR S
1 foru S 21 S

4 y4+1 1 s
dy = +C==y" +C
Iy YT Sy

T werl W A €
T Wk o o ol W B € e

O Lk A0k W)=k @k

Gi) [k £ ) +hs f ] dr=k, [ £ () dx+ky [ £ (o) e
Tk, k, TR 2

. B9 9B 9§ B Sd © foF 9 For sashard TR Bld B S el YR deft

el SRR TR Bl B BH STesherd SN STHHR O Werl o T
T 3=d hensh ° AT |

g fopdt wor o taeharst o1 eAfie ® a1 9 Afgdid g @ wg e wer
o HHERH o WY UEl el © auift o fedl 959 er 9% wifqa fgde B
T sefa FRel wor o < SEeReHl § BH U STeR w1 $aX e 2

IfE fopelt 9gU wer P bl STeeheld (a1 Sl @ d YHOMHeEEY U UH 98U
firerar © fSrent =Iq <9< P o1 o1d § U %W Bl 21 9 fhEl 9gug wod P
%1 GHhEA fohal S 2 df IROME®y U UH 9898 U Bl @ fSEeh! s
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T STeehelsl i T U f9g W Hid & W GHhe & = U fag W
&l el g9 XU gU o o GHehe &1 wEl S9 el W i § o W
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7. Uk HoH o Eshers & saHdrg 3t off giar € S TR fRu gy o % i g
fog o T9%1 @1 i Yaul, 39 fog W e o STEehars] oh A oF aUe Bl
21 8 YR TR W o 1 Affied GHeRe Tk S o Wik feerd ael %
IRER 1 frefa s €, foed aumher & =) 1 fefia s 9l 318 o
ITcle 1@l o Gt aohl o wfaesed fagell ® vl ward gara 2idt 21

8. Fo Hifaes AEIY T1d T § STeehers 1 SYAN Bl 8 SIEE: Thdl w1 g
forelt g ¥ 7@ w1 T 3@ ARk 99 T 9@ e T 9w 9) 9 9@ e o
STEReTSl UeRIe Bl 81 39! YR foReh 99 ¢ R A 39 9 7 d €U T HHA
¥ 9 O A HH % fAu GHERe 1 STET B R

9. Ifehersl Ush UEl WohH € Ty o &1 9 wifed € Sl S bR w1 9iE
e | o wHifed ® forwes a) o gW uftms] 7.7 | e S|

10. ST TS GHERC & UshH Ush S & ofhH ¢ i@l fo ufess 7.2.2 ()
==t &t ST gh! 2

freafafea warl o gfasEsmast (Fueraq) e fafy gro 3@ sifsw)

2

sin 2x cos 3x e~

(ax + b)? sin 2x — 4 e**

fr=fafeq wueedl &1 Fa Sifsa:

I(4 e+ 1) dx J‘xz(l—%) dx I(axz +bx+c)dx

j[f—%jz dx j—x3+5f2‘4dx

I(2x2 +e")dx
X

+3x+4 ot x—
I%dx Ix jc—Jrlx ldx I(l—x)\/;dx
[Nx(3x* +2x +3) dx [(2x—3c0s x +€*) dx

[@x* ~3sin x+ 5x) dx

dx

Iseczx dx J~2—3sinx

2
cosec” x cos? x

Isec x (sec x + tan x) dx
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21. [\/;+%j =+ WfdsTEhas 2

15 .3 2 21
(A) §x3+2x2+C (B) §x3+5x2+C

5 3 1 32 1L
(©) §x2+2x2+C (D) Exz +5x2+C

22. a&;%f(x):mt%mﬁ f@=0d fx) e:
X

pd 1 PRI
(A) )C3 8 (B) )C4 8
RN el 1
() )C3 8 () )C4 8

7.3 WHIehe™ ot fafr@i (Methods of Integration)

frgd Ii=e] ® &1 UH WHmhaHl &1 9= @ off, Sl ® Wodl o 3awharsi o
TATES I T <1 Hahd 21 a7 FRiewr R ananfia fafy of, sod 08 %o Fat
@ISt 1 Sl & TSRt Staehorst £ € SO £ o Uik 1 Wit gl 81 aunty Frdvero
W a7 faf erieh Bl @ feufa o wga sfea 7€l €1 91a: wHeherl i g
D e | I I T n D, s s
AevIehdl Bl 3 g fafeai frefafaa o enanfia 2
1. Yiqed g |Heher
2. AR o= o foeiem g1 amehe
3. GE: AT

7.3.1 Glaweraa gRT @& (Integration by substitution)
39 39 uf=se O &9 yiaeenyq fafer g sene W foar i =ag =R x Rl ¢ °

aftafdd e & o x = g () wirwenfod F3 gu e T wEwe [ f () de B o
w9 o gfiafda fwar 1w 2
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d
4 x = g(r) gfceenfua ifSq difer z); =g'(r)
BH dx = g'(1) dr Toea 2
TH YRR I= f)de f{g)jg()dr

HRIEAT g HHEREH o T I8 =R IRe o1 §3 891 99 S T& "o qul
T B ST HRreeTas SR €I $EehT STH ST 99 Heequl 81 THE=Id: B9 Uk
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frafafaa s &1 x & U HEhed Sifea

tan4 \/; sec2 \/;
Jx

(i) sinmx i) 2xsin 2+ 1) (i)

() B9 WA & TR mx 1 MEHAS m B1 IA: BH mx = ¢ WORUOH & €, A

mdx = dt
) 1¢. 1 1
LI 151nmxdx:—_[51ntdt = _ —cost+C =— —cosmx+C
m m m
(i) 2+ | 1 STEFAS 20 21 37q: BH 22+ | = ¢ % UIAEAIA 1 SUAN FW & AR
2x dx = dt

afer [2xsin (fF +1)d=[sintdt = —cos 1+ C =—cos (@ + 1)+ C

1
1L

Zx 2= .

(ili) /ox 1 SR W IS

Jx z&uﬁﬁwwWW%mz}dx dt  f5E8 de=2rdt
X

W Bl €

Itan4 x sec? \/; d Itan4t sec’t 2t dt
o X =

Jx t

=2 Itan“t sec’t dt
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(iv)

(1)

(1)

RG]

R W & SO UIEeme tan 1= u A € WE sec? t di = du

5

Bl 2Itan4t sec’t dt:2ju4 du = 2%+C

2 .
= gtan5t+C (FIfH u = tan 1)

%ansx/ C (=Rt /x)
tan*/x sec? \x 2 s
31d: dx=—t +C
I - x s an’ \/x

Taseda: tan /x ¢ SfeadE Hife@

1
tan”'x 1 SRS 3 21 37 T tan ! x = ¢ YTIEATI 1 SYANT hd & alfeh

dx
1+x* ~ dt
sin (tan x)
WFEQI Ismtdt =—cost+C=-cos (tan''x) + C
1+ x?

9 TH FT W@ HHheH fod reinfdE wer ok S urifirs
TRl o1 STAN yfaeered fafy o e e ), ) ==l s Bl

Itan xdx = log|sec x| +C

sin x

dx

tan x d.
n R & i [ tan x dx = ICOSX
cos x = ¢, Ffaeeanaa ifT dIfeh sin x dx = — dr

aq Itanxdx:—Iﬁz—log|t|+C:—log|cosx|+C
t

e Itan x dx =log |sec x| +C
Icot xdx = log| sinx|+C

COsS X

T 9 %’fm-—jcotxdx:j -

Sin x

dx
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(iv)

Frefafaa daehem sl A hifag:
Y R Lo [osinx S R N
@) Ism xcos” xdx (i) Isin (x+a) (111) Il+tanx
(i) I Isin3 x cos®x dx = Isinz x cos’x (sin x) dx

sin x = ¢ Gfaeenfya sIfST a1k cos x dx = dr
dt
dr= =
qad Icotx X It
=log|t|+C
= log |sin x| +C
Isecxdx:log|secx+tanx|+C

sec x (sec x + tan x) I

= 9| %fm-—’jsecxdx:j

sec x +tan x

sec x + tan x = ¢ GTaRATTIT HH W sec x (tan x + sec x) dx = dr

gl:n%ngIsecxdx:I%:log|t|+C=log|secx+tanx|+C

Icosec x dx =log |cosec x —cot x| +C

cosec x(cosec x + cot x) J
X

; cosec x dx =
& %]&*—’ I I (cosec x +cot x)
cosec x + cot x = ¢ FIIEATYId hilwIa

dIfeh — cosec x (cot x + cosec x) dx = dt

LI Icosecxdx:—jﬂz—log|t|:—log|cosecx+cotx\+C
t

|cosec2 x — cot? x|
+C

= —log
‘ cosec x — cot x ‘

= log |cosec x —cot x| +C

= I(l — cos”x) cos’x (sin x) dx
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t = cos x GIqeAud hIfSIT A1k df = — sin x dx
LI Isinzx cosx (sin x) dx = —I(l — ) dt

_I(t2 —t“)dt:—{g—g}rc

1 1
— ——cos’x+—cos’x+C
(i) x+a=¢TfaEnd HE W dx = dr

J- sin x I Ism(t a)dt

sin (x + a) sin ¢
sinf cosa —cost sin a
- : dt
sin t
= cosa Idt—sinajcottdt
= (cosa)t—(sina) [log|sin t| +C1J
= (cosa) (x+a)—(sin a) [log|sin (x+a)| +C1J
= xcosa-+acosa—(sina)log |sin (x+ a)| —C,sina
J- sin x I ‘ .
37d: sin (x + @) =x cos a—sin a log [sin (x + a)| + C
EH C=-C, sma+acosa®"34?1@?e§3ﬁﬁ%l
cos x dx

(iif) J‘lthanx J‘costrsinx

1 I(cosx+sinx+cosx—sinx)dx

COS X +sin x

_ ljderlIcosx—s?nxdx
2 COS X + sIn x

x G, Icosx—smx
2 COS x +sin x - (1)
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COS X + sin x
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J~ dx x  C
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I+tanx 2 2

C
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—+—10g|cosx+sm x| +—
2 2

1 : C,
—log |cos X+ sin x| +—=
2 2

G
2

+

ﬁ+llog|cosx+sinx|+C, c=S.
2 2 2
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cos x + sin x = ¢ gfaeenfua sifSQ q1feh (—sin x + cos x) dx = dt

I:I%:10g|t|+czz log |cos x +sin x| + C,

5
2

1 ¥ 37 9% o Y991 § Ycdsh aid hl WHGh S J1d iy

18.

21.

2x
1+x°

. sin x sin (cos x)

. AJax+b
c (Bx+2)x*+x+1 10,

1
NS —1)5 X’ 13.

X
T 9—4x?
ezan" x
1+ x°
tan? (2x — 3)

16.

19.

22.

9}

(log x)2
X

3.

sin (ax + b) cos (ax + b)

XA[x+2
1
x—+/x

2
X

(2+3x°)

62x+3

|

S |

sec® (7 — 4x)

8.

11.

14.
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24, 2cos x — 3sin x 25, 1 i 26, cos \/x
Jx
COS X

6cos x  4sin x cos’x (1 — tan x)
27. /sin 2x cos 2x 28. ﬁ 29. cotx log sin x
1+sin x

sin x sin x 1
30. 3. —/— = 32.
1+cos x (1+cosx) 1+cotx
1 Jt 1 logx’
33. 34, AL 35, — 8%
1-tan x sin x cos x X
2 3. 1.4
+1 +1 x'sm|tan x
36, @D Qutlogy)y ( : )
X I+x

Y9 38 WH 39 H HEl SW k1 =997 Hifed:

9 X
38, J«le +10" log , dx 3,

X'’ +10
(A) 100—x"+C (B) 10°+x+C
(C) (10*=x"1+C (D) log (10 + x'%) + C
— dx R 2
sin” x cos” x
(A) tanx+cotx+C (B) tanx—cotx+ C
(C) tanxcotx+C (D) tanx—cot2x + C

732 fepivifidta gd-afiaren’ & SUINT GRT QAT (Integration using

trigonometric identities)
e GHIR e H e BRI wer ffEd €id €, df g9 qHeher 71 % ok fog B
A HAHHRIS 1 YA i & Wi foh Frefaiad Sl o grh wEeE T 2

sargir 7 TrAfafea o1 J@ Sifse

(i) [cos’xdx (i) [sin 2x cos 3x dx i) [sin’xdx
k5
(i) SEEH®T cos 2x =2 cos? x — 1 Tl TR Hifew e
cos’x M e B 2

2
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LI Icoszxdxzéj(l+cos 2x) dx = %Idx+%jcos 2x dx

X )
+—sin2x+C

2

-

1
ESERIEE sinxcosyz5[sin(x+y)+sin(x—y)],ﬁ TR HifeY
a9 sin 2x cos 3xdx % sin 5x dx — sin x dx

- l[—lc:OSS)ch(:osx}rC
2 5

= —Lc055x+lcosx+C
10 2

(i) FEHHRT sin 3x =3 sinx —4 sin’x ¥ 4 9 g fop

. 3 3sin x —sin 3x
sin"x=———
4

. 3 3. 1¢.
LI Ism xdx—zjmnxdx—zjsm 3xdx
= —écosx+icos3x+C
4 12

ehedd: Isin3x dxzjsinzx sin x dx = I(l—coszx) sin x dx
cos x =t W@ W — sin x dx = dt

Tgfe jsin3xdx=—j(1—t2)dz

3

—Idt+jt2 dt:—t+%+C

1
—cosx+§cos3x+C

renTofirdta wel-afepretl s ST w4 gC T ear s Gehdl € R <A S
T |

1 922 9% o Y9 § Ycdeh oid ohl HWHGh S J1d iy

sin? (2x + 5) sin 3x cos 4x cos 2x cos 4x cos 6x
sin® 2x + 1) sin® x cos® x sin x sin 2x sin 3x
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—COS X COS X
1
7. si i . 9.
sin 4x sin 8x 8 1+ cos x 1+ cos x
) sin’ x
10. sin*x 11. cos* 2x 12. ———
1+cosx
cos 2x — cos 2« COS X —sin x
13. 14. 1+ sin 2 15. tan® 2x sec 2x
COS X — COS & +sm 2x
. 3 3 )
sin” x +cos” x CoS 2x + 2sin“x
16. tan*x 17. .2 2 18. P
sin” x cos” x cos” x
1 cos 2x
19. — 20. . 2 21. sin ' (cos x
sin x cos’x (cos x +sin x) ( )
1

22.
cos (x —a) cos (x —b)

UYT 23 Wd 24 H HE ST H I SIS
sin?x cos’ x

23. ﬁdxw %Z
SiIn- X COS X

(A) tanx+cotx+C (B) tanx + cosec x + C
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M T YoM Hed = sin x, 3R TG %o = —
— X
a1 BH Tdia B 1 WHehe 1 i § St I\/xa’_xzsn'dW%l
1-x
t=1-x @Y
GE dt = — 2x dx
xdx 1 dt
e - - L fi=-1-¥
VI X2 2 Jr
in~! . 1
31d: Akl xdx:sm‘lx— 1 x° (-1 xz)dx

1 x° NI

= _J1-xsin"'x+x+C = x—V1-x? sin"'x+C
faereua: sin'x = 6 Ufqwenfyd & W R a9 Ge: ke %1 SYAN S g4
ff T WHEREA &1 B9 fRA S gl Bl
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IETEIOT 21 Iex sin x dx F@ HIfT|

T e Rl YUH Hed Ud sin x Sl g0 e o ®Y § Slifed| 99 @e3]: THehed §
T UQ 7 T
[= e'sinxdx e'(—cosx) e'cosxdx

=—e"cos x + I, (WM oIfs) (D)
I,¥ ¢ T cosxHl HRI: JoM T f5ia e WA gC B9 UM 2 R

I= e’ sin x— e'sin x dx
I, %1 "9 (1) " W@ W9 9 ¢ fR

[=—e"cosx e'sinx—131a 2] = ¢* (sin x — cos x)

37d: I= ¢"sinxdx %(sinx—cosx)wLC

Thedd: sin x %1 Yo Ha TH ef ol Tgdid ®ad o W oFf 39 dHThard ol
T feran ST wehan B

761 [e [f0)+ f @)dx & ger @1 aarEer
= W g = &[fX)+f (X)]dx = fe"f(x) dx+fe"f'(X) dx
=1, & f (x)dx, W&l L= " f(x)dx . (D)
[ H f(x) T e* %l hH: 9eH o fgdld e od gU U6 @s: WA 5 €
T E 1 =f () e [ () edx+C
1, %1 (1) % gfeenfm w7 | &9 o €

[=e'f(x) fxede e fx)dx C=¢f(x)+C
31d: e f(x) fx)de=¢e" f(x) C

FETEI0T 22 J[ hifeg
1
1

: x - .. (X2 +

(1) e'(tan” x 1 xz)dx (1) I arl) dx
. o N 1

(i) == 1=je (tan 1x+1+x2)dx

9 f(x) =tan 'y, @ifSQ, @ f/(x) =

1+ x?
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aa: oo g3 WHhed e [ f(x) +f/(x)] % ®9 H Bl

> ]dx

LI [= e“(tan'x
i) TR R 1= (x +1)e I 1+1+1)]dx
(x+1)° (x +1)?
Looxt -l
= ¢'[ - J'
(x+1) +1) +1 (x+1)
2
t“:féi ;_$|Q-&>Ef()(:)— f()_( _,’_1)2
a1a: ﬁmgaﬂww eX[f(x)+f(x)]%mfszf%|
2
x 1 x 1
THfAT e’ dx= et C
(x 1)? x 1
Uyl 7.6
1 ¥ 22 Tk oF YAl o ol 1 HHERCH iy
1. xsinx 2. xsin 3x 3. x? e 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x
. xcos 'x
9. xcos' x 10. (sin'x)? 11. \/72 12. x sec’x
I-x
13. tan'x 14. x (log x)* 15. (x*+1)logx
. xe o[ 1+sin x
16. ¢ (sinx + cosx) 17. 1+ 1) 18. ¢ 1+ cos
ex l_i 5 —(x_3)€x 2. 1
19. 2 20. (x—1)3 21. e*sinx
22 sinl[ 2x j
’ 1+ x?
U 23 TH 24 H HEl W H1 =TI hIFT)
23. Ixzex3dx TR T
1 3 1 X’
(A) gex +C (B) J¢' +C

1 3 1 2
—e" +C —e' +C
© 3 (D) e
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24. Iex secx (1+ tan x) dx =UET B:
(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e'tanx+C
7.6.2 5 3T Ychlv & GUIRAT (Integrals of some more types)
TET TH WeI: T fafy R i o faftre R & qmifores Samehel &1 ==
HN 9 fw
(1) I\/xz —a’ dx (i1) I\/)Cz +a® dx (iii) I\/az —x° dx

() A e 5 1= [Vx’ —a® dx
=R e | 1 fgdia %o AFd gU IR WS FHeher g 89 Ui ©
> 5 1 2x

I=xvx" a ———xdx
2\/)62 a’

_xyx’—a _ijL”‘

o

= x\/x2 —a® —J‘\/)cz—a2 dx—azj

dx
[ 2 2
X" —a
—xNx*-a* -1-a*

J~ dx
/xz_az
AY9T 20= xVx? @& P L

2 2
X a

2
SIUEI 1= x*—a’dx gxlxz—az —%log X

T YR W T FHEROHl H SR Hel 1 ol fgd wer Rl U9 @S
Hreher fafy g gq O ©

C

2 2
X —a

2

(1) I x2+a2dx:%xxlx2+a2 +%10g
2
(iif) I\/az—xzdx:%x\/az—xz +%sin_1£+c
a

ferneud: HHReM! (i), (ii) T (iii) ¥ %H: x = a sech, x = a tan® 3T
x = a sin@, TN i W W T GHReH! ! [d TR S HeRdl 2l

+C

x+vVxt+a’
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IETEI 23 f\/ma?x @ i
el s AR [\ 2045 de= [+ 1P+ 4 dx

39 x+1=yT@ W dx=dy, @
JxX° 2x Sdx =y 2% dy

1 2 4
= — +4+—1lo
2y y > g

y+y +4 ‘ +C [7.6.2 (ii)&F ST 9]

(x+D) Vx> +2x+5+2log| x+1++x> +2x+5 ‘+C

1
2
IETETT 24 I\/3—2x—x2 dx T BT

w oI R R [V3- 20— 27 die=[J4-(x+1) dx

39 x+1=yT@ R dx=dy
TH YR 3 2x x*dx= 4 y dy

1 4
= Sy sm*§+c [7.6.2 (iii)% ST 9]

_ %(x+l)\/3—2x—x2 +2$in1[x7+1j+c

gyt 7.7
1 99 T o Y o Hedl ol GHREA hifsd|
N 2. \1-4x 3. Jxt+4x+6

40 Jx? +ax+1 5o \1-4x-x* 6. Jx*+4x-5
X
7o N143x—x° 8. Jx? +3x 9. 1+?
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Y99 10 TF 11 § H& SW 1 F99 Hifu|

10. I\/l+x2 dx TR T

3

2 el
(A) g1+x2+%log(x+\/l+x2)+c (B) §(1+x2)2+C
3 2
(C) %x(1+x2)2+C (D) %\/1+x2+%leog x+Vl+22 |+C

11. I\/x2—8x+7dx3m3ﬂ%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§10g x—4+\/x2—8x+7‘+C
x—4+\/x2—8x+7‘+C

7.7 TAfv=@ watehe™ (Definite Integral)

frsel uftesal § g9 tffiea Taeherl & a1 | e fhan B oIk &9 fafire werl
o FHTRCHI Higd Affea quehar ®i @6 & w1 Fo GkE ) == %5 21|
=] H eH fordl et ob Y= SHmeher w1 S1eda | MivE @Heher sl Uh

Afgdta o= gl 21 T e wmemen & jjf(x)dx,ﬁﬁrﬁf&tmam%aﬁ

b, GHIREH 1S54 HIH 941 ¢, GHIHH 1 95 HH wedr &1 fived oener
oftem, o A A T W ok w9 § hA Sl @ SAel A(E A [a, b] W THRT HIE
gfasterherst F & a ffyea aomehor &1 A oo fagetl @ F o A o 3fat etefiq
F(b) — F(a) o <UeR 81 8, o6 ®9 9 U <1 81 ffye=a gaehed & &1 <A ®a
1 TH T-3TT == hi|

7.7.1 TRTHA &t GHAT & & T [y=rd qarae (Definite integral as the limit
of a sum)

M T foF T 8% ST [a, b] W U Had Bor £ GReiE @1 "E eifey
Hel & Gl O HURR € $UfAT Wl 1 Ao x-318 § SR Uk a5 ¢

(D) %(x—4) x2—8x+7—%log
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TH y=f(x), x=a,x=>bWEx-318 & TR &F &1 eF%a & Fy=a @@

Ibf(x)dx %ISH@Wﬁaﬁﬁa?m,wa%,x-aﬂwm’xza@
x=b7 &= ot & PRSQP @1 @ifwie (smRfa 7.2 3f@w)|

HAWA [a, b] En| [Xp X, 15 [X)5 X,] 5eees [x. »xl ... [x, xn],@l fafdse n wam
WﬂﬂﬁﬁﬁwWTTI%SI'xoza,xl=a+h,x2=a+2h,...,xr=a+rh?MT

b a

. 2 AN AR n > ool 1 — 0

afeid &3 PRSQP, n SU&S 1 AT € W&l Uil SUeH Sustawed [x ,x],r=1,
2,3, ..., n T uRwtE 2

3P 7.2 W &9 U € T
3Td (ABLC) &1 &9%d < &3 (ABDCA) &1 &5%a < 3@ (ABDM) &1 &% ... (1)

xn=b=a+nh?ﬂﬂﬁﬂ n

N S

3Tt 7.2

T AR x —x | —> 0 A 7 —> 0, A B0 (1) | IR T - &=her
T T o I THA § W 21 &1 g9 fefatad anmwer s i s @

n-1
s =)+ ..+ )= hDf(x) Q)
r=0
3R S =hlf(x) f(x) Sl ko f(x) - (3)

rl
Tl s T S SuSHATEd [x ,x]r=1,2,3,...,n, T HER1: T @l @ 5=
Al o &SRl o I hi ffde wiar B1 @Rt (1) & Hed ¥ frdl W 3
Haua [xH,xr]$ e &9 9 g fo
s <& PRSQP = &5%al < S e (®
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A > o0 , A T HeRTol W wehol B =eAl St R T@ HH o St €
& (2) 3K (3) o Hiffd 99 T 99 ® a1 S9AtTe HifHd 5 g gk o Sria
e dawd 2
Hrerfaes 91 | 89 36 FefafEd yeR foed €

lim$, = lims, &3 PRSQP 1 4o = f f(x) dx . (5)

w@wwm%%a%éww&ﬁ&m@awéw&
Al o ot o forelt &Rt w1 Eifia W ot 21 gfaen & foy gw v Susiae
o 9 fHR W I T STE o SRR SR 9Tl Al H1 | 3 B9 (5) hi TER
frefafed w9 ¥ foaad 2

ij(x)dx — lim h[f (@) + f(a+h)+..+ fa+(n-1)h]

aFeraT I:f(x)dx _ (b—a) ii_r)g%[f(a)Jrf(a+h)+...+f(a+(n—1) K ..(6)

S h:b_a 075 n

n
S =S (6) ANTH &1 WA o w9 W e wHERer &1 9w wEerd 2l

fordt faftre faua | & woq o Y= 9uees &1 90 wed 1@ S iala
W et i @ R WHeRe o $9 =X W El e =EE gW was = ) el
FE % AU @ 21 A x o M W | W H ¢ HAeE ¢ 9 e fma S g

Al BH HHIRCH I:f(X) dx & T T eheel HHRH Ibf(t) dt #A¥E Ibf(u) du
ferad €1 o1 e Taehed o fau e =X TF g& X FHEA 2

e @ W S w9 F (7 +1) dx 1A IR H
qRETET o AR
[ f@ds = G-a) lm(f@ f@ B . fla @-DA

. b—a
)] h=

n

THIEWH  a=0,b=2,f(x)=x+1, h= =

n

2-0_2
n
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2=
n

s [P+ dx = 2 lim 21 £0)+ FG)+ ot £
0 n—>w n n n

2 2 5
:2“ml[1+<2—2+1>+(4—2+l>+--'+((2n22) +1}]
n n n

n—w n

.1 I > 2
=2lim-—-[1 1 ... 1) —@2° 4° .. (2n-2
lim ) @n-2]

n 9g

1 22 5 )
=211m—[n+n—2(1 +2°+..+(n—=1)"]

n—>w n

=2liml[n+iz(n_1)n(2n_1)]
n—w% 7 n 6
2 lim A [ 2(n-1) 2n— 1)]
n—w 3 n
= 2lim [1+5 (1——) (2——)] -2 [1+‘3‘] = %

Wﬁ@m&wﬁjoe"dx T HF T4 HieU
JRETE o AR

1 2 4 2n-2
I e dx = (2-0)lim — {e0+e”+e”+...+e n }
n—w n

2
TUIRR S0 o ;U % ANl oh Y o1 SYANT Hd B SR a=1, r=e" , €9 U
g f®

e'—1

2n
2
j2e dr=21im [y = 2 4im {821]

n—w n n—>w n
en—1

2(* -1 "
_ (62 S o Cliat VI s
2 h—=0 h
) e"—1
lim 2

2
n
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yyAraet 7.8
I ki 91 o ®9 H# Fafafea e gaead 1 99 3a s
b 5 3 2
1. Iaxdx 2. Io(x+1)dx 3. sz dx
4. 114(x2—x)dx 5. Ijlex dx 6. I:(x+ezx)dx

7.8 SeT @l MUY Y8 (Fundamental Theorem of Calculus)

7.8.1 &TFA FerT (Area function)
Y -
LR Ibf(x) dx I TR y = f(x), -3, T 1 I

HIfed x=q A x=»b 9 TR & o &T%dA & /
w9 § i foman 2196 ST [q, b] | x HE
fag & @ J'xf(x)dxa@"ﬁfm T BEIfRa &

o & i U hidl § [F8l 98 " fem
™ ? R oxelab] F AW f)>071 .
freferfan sem wmmm: =1 werl % fag o o] ¢ ¥ X
T B 3H BEMHT & H A ¥ F AT W Y g
feft 21 :

TR Il o 59 DA &5 FT 47l x 1 Th B 81 §F xoh 58 ol i A(x)
¥ ffde #d €1 30 Fer A(x) I TH 2% Hed Hed § iR 98 g9 fmfatad g
¥ 9 e 2l

A(x)

AW = [ fx)de (D)

TH YRS W SN < SR T99 &1 ef 89 el W kel g7eh! =A@ i
Fiifeh g1 SYUM TH TGAEdH h1 WA o ol 2

7.8.2 THT 1 GUIGHET TG & 799 SHTENYd 4T (First fundamental theorem
of integral calculus)

M AT R &% S [0, b] R £ T Fad Ber € 3 A (x) 85 Bo 21 a9
qft x € [a, b] F TAWA (x) = f (x)

7.8.3 @WHTRAT TOTT &t TGl STEYd AT (Second Jundamental theorem of

integral calculus)

&0 9 Tk U8 Heaul T 1 AR hid ¢ 99! WerEdl W g9 Wdastesherst
SYART Y gC e Aol 1 A T Fd R
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RG]

M AR o &8 AT [0, b] R £ Toh Wad B € SN f ol gidstehers

P [ f(x)de= Fol)= F () - Fla)

1.

2.

3.

(1)

(i)

(1)

(iv)

IR H TH YT 2 i 3H YR Fad Hid %fm“jjf(x)dx=(f$9ﬁfw
F ol 3=d |1 b X 9M) — (I Ui steeherst 1 9 €W ¢ T 7))

IR ] Td w1 SEH oy geH st 2

T M= qHTehe 91 o § Sifea SRl T U Bod 1 W il © Toee
STReTs T T W 21 UR STheld SR HHRH o sd dad i 3R

EECCRCT RS
jabf(x)dx ¥, [a, b] T ®eH £ o1 GURHIA T Wad e Aavash 21 SeLv:

1
[RIEERISRIEICh| jlx(xz ~1)2 dx H == S difgers € FifE 6@ A

1
[2,3] & 9 —1<x<1 & U fx)= x(x* ~1)? gA sAfoemem Her f

aRef 72 2 I: f(x) dx STd % o =11 (Steps for calculating : f(x)dx)

s W [ f(x) dx 9 RISl A ST 98 F(x) 81 RT3
C ! T 1 SEYFhdl TE1 € i 4f€ 89 F(x) % M WF(x) + C W fo=r
@ Id g T

I:f(X) dx =[F (x)+C];, =[F(b) + C]-[F(a) + C] = F(b) - F(a)

39 YR Y= ke &1 i 6 S § Wes 3R faoe 8 o 2

[F(0)]” = F(b) - F(a) T #ifo, st fw j:f(x) dx 1 T R

e T F S W fTER w1 2l
Frefafaa SHeRerl &1 |F T[Sl
Isz dx (ii) J‘:L?, dx (i) J~12x—dx
(30_x5)2 (x+D)(x+2)

T
I04 sin® 27 cos2t dt
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() uﬂFﬂw%nzI:jsz dx &1 i [2 dx:x;:F(x)
THfony fgdta enumyd wig o g9 U@ € R

27 8 19
I:F(3)—F(2):?—§:?

(ii) IIHFﬂﬁ!Qfm“I:I: \/;3 dx FEFH B9 THIET 1 HasTerherst T i €
(30— x2)?

3
= 2
30 — x2 t@ﬁm%\/x dx dt 3AgEr Vx dx:—gdt

2[1
MR | ‘/;3 -2 i;—H%{ : 3]F(x)

(30— x2)? 3l (30— x2)
THfET w1 fgda sTaRYT w9 ¥ €9 I 2

9
1=F©) - F4)=2 — L :E{ 1 1 }:
3 (0-x) |, 3| (30-27) 30-8

2 x dx
(i) #F <o I:L m

i 9= =1 SYANT L BY eH I & T

L
33 22] 99

X -1 N 2
(x+D)(x+2) x+1 x+2

x dx

; Im:_10g|X+l|+210g|x+2|:F(x)

;e i TGdT U wHe 9 79 oUW € R
[=FQ2)-F(1)=[-1log3 + 2 log4] — [~ log2 + 2 log3]

32
=—31log3 +log2 + 2 log4 = log (EJ
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(iv) HM i, 1= Izsm 2t cos2t dt . 34 Ism 2t cos2 t dt 9X fo=R ehifsIT

) 1
sin 2t = u W 9 2 cos 2t dt = du 3AYET cos 2t df = 5 du

=3 _1 3
31d: Ism 2t COStht_EI” du

= %[zf] %sin4 2t F () 9 ciifsig
AT e i fgd e wia 9

1= F(—) F(0)=— [sm;c sin® 0]=

Y9I 7.9
1 920 d% o 93§ Ffy=a 9@ 1 99 19 sifsa)
2
L[ a2 j—dx 30 [ @ -5 4 6x+9) dx
_ _ s ki
4. :siandx 5. OZCOSZde 6. I4exdx 7. Igtanxdx
H U dx 3 dx
. d ) )
8 Igcosecxx 10 I01+x2 11 I2x2—1
z 3 xdx 12x+3 1o
12. Izcos xdx 13, I2x2+1 1 I05x2+1dx 15. one dx

> 5x¢ i 2 3
16. | ——— 17. | *(2sec” x+x° +2)dx
Il x* +4x+3 IO

.2 X 2 X 6x+3
18. sin” ——cos” —) dx 19.
IO( 2 2) on +4

1
20. [ (xe* +sin %) dx
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Y 21 TF 22 H WEl IW k] I hISQ|

Bodx
21. jl IHZW%:
o 21 o o
(A) 3 (B) ER ©) o (D) I
24
22, [P www
4 +9x
A) = B) — ) — D) =
(A) 6 (B) 12 (®) oy (D) 1

7.9 ufaeemus g e nmeRel o1 W= F1d T (Evaluation of Definite
Integrals by Substitution)

frsa of=sel o sa s1ffived WHeheM A w3 o1 oW fafEl =) ==l &1 2
Aff=a TARed I w4 #1 Hewqol fafual & weh fafr gfeem fafy 2

st fafer R [ (x) da, 1 7 S b for s o e

. "9 & SR H Hmel e fa femEr wifee et y = f(x) SUEn x = g ()
giqefya hifsY @i <A ga ¥Hehad T T1d ®9 § 9Rafid 8l sl

2. HUheM =R &1 AR fhU o AU Wehed 1 A =R % Wdel dHeRed
CAISI

3. U WX % WM W Y Yfaered HIfy 3k SW Sl 9 R & &9 § fafgu)

4. <O (3) ¥ I ST BT GHERCH HT & gE WS W A F1 HINC 3R S=
1 9 7F 9 7 W 9 5 T 3 19 kit

(e Toouit | 59 fafi =i e s & fon n freffad geR an og wsd 2
=R (1) W (2) 1 H o 98 WOl (3) P A I AE9AHA &l @1 &l
GHTHE i T =X oh ®9 H W1 Sl € SR G &1 @Hrstl sl g =X & SFgER
uftefda o o ® aifer g9 die sifam =mor &) fomen e weh
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3 30 B9 S ¥ 99
Ij15x4\/x5 +1dx 1 9F @ Hitu

r=x5+ 1, W@ T dr=5x* dx

3
AT IS x +1 dx—_[\[dt % =§(Xs+1)2

r 1
5 3
o [ 5t tlde = 2 (x5+1)2}
-1 3
1

- % @ +12 (1) +1)2}

3 3
2 22—02} E %(2ﬁ)=¥

Tachoud: WYY 89 WA o1 ®U Hd 8 3 dd ®uidd GHeRAT 1 T4
e o SER | T i g
tl'l‘f?ﬂﬁl@ t=x+1.99 dt =5 x* dx 2 ifsw TR

x=—1dqt=03R 5& x=1dt=2
mé@é@x—lﬁlwwﬁaﬁa@m%é@é@toﬁzwwﬁaﬁam%

Tqfeg Jlle X +ldx=j0\ﬁdt

J‘l tan x
0 14 x?

M eifST ¢ =tan 'x, q9 df =

dx 1 9H F1d Hife)

T
sdx W& x=07d =03 T x= 1At =—
1+x 4

m:a@-a@x,omwwﬁaﬁmm%a@-é@r,o@gwwﬁaﬁmﬁm%u

1 tan'x 2 14 1| w2 7
TafeT dx= [ 4tar S )
J I {21 2{16 } 32

U
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gyt 7.10
1 ¥ 8 Th o YA FHheHl 1 A Giaede 1 SUANT hid g T4 hitadl
1ox = Loy 2x
d 2 [si 5 d
1. on2+1 X 2. IO sin cos” o d¢ 3. I0s1n (1+x2j X
2 o
4. [ xx+2dr (x4 2 = pefEm) R
0 1+cos” x
2 dx 1 dx 2( 1 1 2
6. 7. | 55— 8. ———— |e™dx
J“Uc+4—)c2 I*1x2+2x+5 Il[x 2x2j
T 9 WE 10 H H&l IW H T HifeC)
1
—+3)3
9. HHHTH jll(x Y)” gy A
3 X
3
(A) 6 (B) 0 ©) 3 (D) 4
10. @k foo = [, rsinede, @ f/x) 2
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+xcosx

7.10 THfy=ra wHreRer 3 "IUT‘JCT (Some Properties of Definite Integrals)
ffierd TAReHl & S Hecqol U w89 HI9 geliag w21 3 o o ffyea
HHEREA] 1AM STEFT H A h | ITART B

P,: j:f(x)dxzjjf(t) d

P [ rde=-["f(yar, Bt [ f(de=0

P, : ij(x)dx:I:f(x)dx+chf(x)dx, a,b,c TiEH e gl
b b

P,: Iaf(x)dxzjaf(a+b—x)dx

P, : I:f(x)dxzjoaf(a—x)dx (WWF@"PMEﬁ@WW%)

£

P, : I;af(x)dx:I:f(x)dx+j:f(2a—x)dx
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2a a
P:  fdx 2 fdARfQ2a x) f(v)
=0, a9 f(2a —x) = f(x)
P i () [ fode=2["f(x)dx, 3/ T w8 oM & S 7 £0) =)

(i) [° Fde=0, 7 T fomm wem & swefq =2 f(2) = ()
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(Application of Integrals)
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SCRIRC
[z Y

W g oehl Wa @stl | o &3 &1 &59%hdl A it
() y=x%x=1,x=2 T x-31
() y=x*x=1,x=5TIx-3&
Thiy = x T y=x2°h LAl &5 ] &THa [ B
T T ¥ Al Ty =442 x=0,y=17q y=4 ¥ R} & & &%
1 Hi|

y= |x 3| EQ| W@ﬂﬁq@j?6|x+3|dxw HH 1A kS

x=0Td x=2nqul El%"y=sinx1~ll1%ﬁ & 1 &% [ I
TEAT )2 =4ax Td @1 y=mx ¥ R &5 F1 &=Ra T4 HitaQ
I 4y =32 Wd WM 2y =3x+ 12W R &3 &1 &9%a A FHifo)

2 2
w%_i_y?:l@i'@g % 19 R o &9 1 89%d 9 S
X

2 2

aﬁaﬁa—z Z—z 1@%@1% % 1 9 R @9 &3 &1 &9%a 91 hifag
T 2 =y, W y=x+2Td x-3181 ¥ o &3 1 &3F%al qd it
TR forfer 1 ST had U ok [x] |y| 19 R & w1 eihed Fd hifs
mﬁm:w &3, W@l x+y=1,x—y=1,—x+y=1T@-x—y=1
o o 2

W{(x,y):yzxzﬂmy=|x|}@ﬁ&§3fw@WWWI

HHTeher TofY w1 SYANT hid gL Tk U 1YSTABC, %1 &% T4 hifsiq fieen
el o Frdemsr A(2,0), B (4, 5) T C (6, 3) T
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HHehe faf @1 SYART Hd gU, W@l 2x+y=4,3x—2y=6TWdx—3y+5=0
H T &5 1 &F%d 1 hite|
87 {(x, y) : y* < 4x, 42 + 4y? < 9)F] &ABA T HITeIU
16 ¥ 20 % I H ¥ I 1 FIT DIt
oeh y =X, x-3A¥ g Hifed x=-2,x=19 R &3 &1 &9%a 2

-15 15 17

(A) =9 (B) —~ © D)

Ty =x | x|, x-38 T HIfed x=— 1 qx=19 R & =1 &5t 2:
1 2 4

(A) 0 B) 3 © 3 D) 3

[Herd: y =R x>0TF y=— AR x<0]
Qﬁy226x3ﬁTﬁﬁx2+y2=16ﬁqﬁ3T%flﬁ &5 1 SR e

(A) %(4n—ﬁ) (B) %(4n+\/§) (C) ?(Sn—ﬁ) (D) g(sﬁﬁ)

y-3&, y = cos x T y = sin x, Oéxég q R &9 &1 &9%d T
(A) 2(v2-1) (B) 2-1 (€) V2 +1 (D) 2

Thy =f(x), x-3A TF @S x=a M x=b (b>a) ¥ B &5 o &ARA Al
1?[:@3%_@{ abydx jf(x)a’x 2l
ThHx=0(y), y-38 TG @3 y=c,y=d @fﬂi@ﬂ&%ﬂ%ﬁ'{f{:

d

gAFA=  xdy j(y)dy%|

ElcED| y=f(x),y=g(x)@i’@T§x=a,x=b& ey o) &5 1 &%
frefefad 99 51 39 82

A= f() g(x) de, T [a,b] F ()2 ()

AR [a,c] ® f()2g )W [c,b]H f()< g(x),a<c<b, T TH &FARA
&I Frefafas v 9 foed §:

T = f) () d | g f) dv
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HRC T <1 YR T & YRIMe e siel o € g1 21 =e WA I
s g Tkt fstoar fafa @ enenfa 21 3@ fafa 1 yRw gwael=
Tepfaal o eSthel IR S SRSl o MFAH o1 TUMT ¥ g1l 3H 8 9 Fwa
fafr, wameRer fafy &1 Ui feofa & ®9 o @weh st @t 21 e fafy
F1 Gl foehrd URfYe orel § 8o (Eudoxus (440 §. 9, 3R snfhfadiar
(Archimedes (300 . 9,) % =4l 9 9Ist g1 2|

et o THGId o1 hAas foaehtd S61 oF I9<Id 17e Sdmal | g3l ¥ 1665
T = A e I A wE Yo fFSId (Theory of fluxion) o &9 H YR fehan|
S 9 fagia &1 9anT o o el fog w weff 8k sshar-fen w@ e o
fhal e 3§ HohH Held i ¥NOT U U= U 3R SUh! Fiasteasha
(A= THERe ) A1 Sl i oA a4 (Inverse Method of tangents) T
BIECTURCRI

1684-86, o &= & el (Leibnitz) 7 Th Y931 Thel SUTSe@d (Acta
Eruditorum) # YehIf¥Te f&ha 2IR 58 Shoterer® GH2if@d (Calculous Summatorius)
g feon, Fife J7 oFa B2 dF%al o ANTRE ° FafHd of, 98l | 32 39
ATl o Welleh *f° gRT oA Rl W 1696 €. ® S S, S (J.Bernoulli)
o YAE I AFHL 397 Y93 ! %FIERFW gaurelt (Calculus Integrali) ™ H
gftEfda e fean o7 =g gru wivil st ek fafy &6 & ol

= 3R el ] A Yol Tes AR STeErEn S gord: fa= 9 qenfy <9 S
o fagial o W gfaeel qe@| 91g MU et 3 v qHeher S eRon 6
ERILRERI
7 fifyea ? fop S=i & wdvem wfaseses iR fHfvea gumeher o o= &
a4 ! T FE

fent o1g % o W TV o SRy SIRonSt, fagTdl qen steher T
T 59 IRk Gaell 1 foehr @l wHf, <A, @R a5 wmEt ga 17
YA o S W gl aefy sHenl Sfifecd, WiHl 1 Hehoudl o SR W 198
JMAEAT o YRY H TUA.HEN (A.L.Cauchy) oF §RI Tohal @M 1@ H & A
(Lie Sophie) =1 Frefafiaa Sgor aufia 21 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".




Differential Equations

% He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT <

9.1 9ftert (Introduction )

el X1 U5 36 e oF 1A 5 H gHA =« i off, TR *ﬁmmmﬂmavgﬂgg
U T WX o Griel Rl B f w1 Sreehersl ol T
fohal a1 © 1l fRelt we f ) aRefia uid o g
x & fau, f/(x) &9 T fEa S 21 gEen st
GRS U sk eI HOgHA =l ki oeft, TR afs foRed
el f 1 STFehalsl e g © A Her f ohd T fRe
W) EeR] e w9 ° gEes R S weha €

et feu gu wer g o faw wew f 9@ wifse arfs

dy . T : I 4 _.. Ty
L — o(x — (1 Henri Poincare
dx g( ) Y f(x) M (1854-1912)

THIFHWT (1) o Y a6l THH] ] SThA THH0]
FEd Bl THeh! su=riies g | § &) S

IRl WHIRIUN 1 SUET qEd B9 o Hifde!, WeH famm, Sta fame, o
form, yfee, srefeme anfe fofa=1 &= o foren San 21 ora: weft srenyfres S=ten
ST o TIU 3Terhel WHIRLON o e 3{EA9H 1 3Tcdd SMEvaehdl 21 59 &0 ¥,
BH IR HHIRU] hl F HRYA Hhou13ll, HThal THIRU] oh SATIH TF (IR
T, 3Taehel HIeRTUT 1 o1, gorg shife U Yerq =1 o 3Teaehel THIHI0 i T hid
1 o fafemt Ik faf= esf o steshel Wil o S SYANT & a1 § 31eqad i)
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B9 Ugel 4 & frefafed ger & gl § afifad §

X*-3x+3=0 .. (1)
sinx+cosx=0 .. (2)
x+y=7 .. 3)
3Tey, At et T fa=R &l
dy B
xdx y=90

(4
&0 U € for Wl (1), (2) W6 (3) | hee w@as Sfvsee S = (Th
1 AR ) STHe § e fof TieRtor (4) ® =X o We-H1 Ty = (x) o "y St
=X (y) 1 Ferhers] ) WA B TH G o1 WHIHLU] 3feehe] WHIHU] e Bl
M= : e TE 9T, T waas =) () o 9ey offed =) o sTaehars
it @i, sTaehel G Hed 2
Teh U 3Taehel GHIeR0l, TS ehdel Ter a3l =) oh 919, ST =R oF 3Teehaersl
it &, |mr sTasd QeI HEed | SR
d*y dy’
2? — =0 .. (5)
T HE SR GHE B
0= U0 9 s TR B € 5 Tk 9 3tfes wds = oF Wiet aterherst
IMTHA B0 €, 369 YR & STehal GHIHU] STk STaehel THIHU HEald ¢l oifehd =9

TR W Y 3T Y hl hadl UM Aaehdl UGN o AFTT I Hiha Wil 399
M Y WM aehdl THISR o fal sTeehel THiehIul 915 1 & SYAN Sl

1. B9 sEhcrsi o fau fAfafad dehdl o SUF i e <1

d 1 d2 ”n d3 nr
Doy Ll
dx dx dx

2. =9 e el stwersti o AU, @ Afireh SO (dashes )l 3= o o &Y
o o T SYfGHTSHS BN SHIAT 7ol shife dret STeehers] d_f&%ﬂz%ﬂm
y, %l AN | o
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9.2.1 3IGhcT WHIRIUT &l FIfE (Order of a differential equation)

ol 21ashel THIHIT i Hife 3H Aashal YHIHWT § Aifed Tad =R oF F9el A1
=X ok I=AdY HIfE & SRS HI Fife g IR St 2

frafafaa seea Tl W faar S

d
Ay _

... (6
It (6)
%y
?JFYZO (D
3
d’ , dy
1 X I 0 ...(8)

THH (6), (7) T (8) H LT Jom, fgdia wa gdia wife o I=aan Tashars
Iufterd § TEfeit = |ieRon +1 hife wu: 1,2 W@ 3 2l

9.2.2 d&hcT GHISIUT &1 19 (Degree of a differential equation)

el sTahel ATl 1 S 1 AR W % fau g fag a8 € fF 98 st
IR, STahars y, y”, y” T | 9g98 AHeR0T 21 =ney) ffafea areot
R fo=m wifsu:

L2, 22 — y 0 . (9)

d— sin 0 10
e Ix y ... (10)
dy . dy
— sin — O
dx Jx .. (1)

&0 Ufera Sid € foh SR (9) v,/ UE ' H Sgug WHIehI 21 HHiehr (10)
y H 9gu gHigRu € (Tt 9% y H o9gug € ) 3@ R & iahd GHIHl
oA ol G fman ST Hehar €1 IR WHI (11) ' H 9gU% WHie e @ @I
TH YK o 3faehel WHISHIU 1 U i Gt el feman S wehdr 2
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If% Teh STaehel GHIHUT SFesharsll T IgUS THIHIU € A1 ST 3Teshed HHIRII 1
o 9§ HR AT © SH Sfeehel GHIH § SUTted STudy Shife oh STaehrs] shi Sedan
RISNEEIRIE A WIED

IqUer RN o Hed ¥ wW Uk o Wehd 7 foF gl (6), (7), (8) W
(9) ¥ ¥ Y% I UM | 8, GHI (10) 1 B1d 2 € 59 ok 3ferehel WHieRor (11)
=1 = gRwfE T8 2

frdt stadhar AHIRUl &I Fife T =@ (AR 9ROl =) susm
YT Ui & 2
frafafea stasma TSl § 9 Yds &1 Sife td = (g gt 8h)

dy d’y (dyjz dy
i) ——cosx=0 xy—>r+x -y—=0
© (i1) V2 o) Y

(i) y"+y’+e’ =0

(i) 39 JThd THIHW § I I=aqH hife STehers % 21 THfeT THeh! Hife

1%l%y’ﬁﬂ@?ﬂﬁw%®f% &1 Nfeehay sTdish | €, ST 39 SFashel
Eicaulca eI I
(i) T 3T THIHW § IYRd S=aqq hife Taehels —% | ZHfeT g9t ife

2%la€aawwﬂw y ’%ﬁ@?ﬂﬁw%aﬁtd—fﬁﬁw
X

Wl%,gﬁ%@gﬂﬂﬁ%ﬂﬁwﬁaﬁlél
(iii) 9 3Tehel WUl | SUfter Seuad Hife Siamhar y” 81 SHfeT SEeh! Sife 3 Rl
TH WU 1 S U Sfeehers § SgUE el © SEiY SEeh! T URHIfta e 2

1 910 9% o5 Y991 § Y Aaehd GHII0] &l il W9 o (afs gafoa 8) I
AL
4 ds d?*s

d'y .
—+sin(y") =0 "+ 5v=0 [—j 3s—:0
a0 vy dr dr
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2. \2 2
4. [d_g}j +cos[ﬂ):0 5. d—zzcos3x+sin3x
dx dx dx
6. O +O)P+0)+y° =0 7. y"+2y"+y =0
8. Y+y=e 9. v+ ()P +2y=0 10. y"+2y +siny=0
11. 3/@&Hd FHR
2yY (dyY d
[—fj +[—yj +sin[—yj+1:0 #T UM T
dx dx dx
(A) 3 (B) 2 ) 1 (D) uftefia =€t &

2
12. 3To7hal HHIHIO 2x2d—f—3@+y:0 *T I B:

dx dx

(A) 2 (B) 1 (C) 0 (D) it =&t 2

9.3. 3TdheT HHIHIUT ohl HTUh QET fafyre g (General and Particular
Solutions of a Differential Equation)
el wenstl ¥ grd frefafea yR o gl 1 ga e 2:
xX*+1=0 .. (1)
sinx—cosx=0 .. (2)
TN (1) a1 (2) 1 B Tk UH andafash stuen diimg gem € W iy gu
TR H] G H 7 AU T 3@ G HI GHR H I x oh WM W
wfoeenfad ¢ f&an Smar € @ <@t e S St ge oo ¥ SReR B S g

2
T4 STTHS THH 4y g .. (3)

dx*
W =R # 2
T < TR o Taiia 36 3fershel WHIIUl 1 B U UM o ¢ ¥ S 3W
HHIHTT hl FI HUM ST STa TH BT ¢ hl STeshel HHIH H ST y (S =)
o T W wiaeenfya o feon Siar € @ arl ger SR Sl ue SueR 8 W 2

TH y = O (x) SThe HIHTT 1 T G (FHh ) shean gl FefatEa
o W faER &ifse

y=0(x)=asin (x + b) .. @
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B a.be R. AR 20 B 3 Tk STeehorsil ol FHIHWO (3) | yfaeenfya 3
fea ST et ga S gl 9e S Bl S 3 SHii U8 ol aferehel SHshT (3)
1 g 2l

mﬁm%aﬁ?bﬁ@ﬁmma=2®b:§%maﬁ%ﬁ%ﬁ
frAfafEd wee 9 g e

y=0,0) = 2sin(x+§j .. (5)
If% 30 Her 3K ok 3Tashotsil 1 THieheor (3) H wfagenfyd < f&an s o ¢
A we SR S v AR B W ) seia o, o wle (3) w1 uE e R
%o ¢ H T Wes o (W) o, b dimfed € qun a8 e U gy e
TR T AT T HEAM ¢ SR B o, H B f Wew TR wiwfad T8l
g fere 9l o 7o b o fafire 7m sufte € o1k gHfey sOeh! sTashe AHR H1
fafere ga1 el S 2|
TE B, o Wy R Suftyd @1 STehel WHIShIUT iS4 gt sheall gl
TH &, S s o W Yo ¢ Ui ek B Wes e ol fafime 7 3 W
WIS &, ekl FHIRTU 1 T gt e 2

d’y d
G HifSIC foh et y = e, 3Taehel HHIHT d—f+d—y—6y:0w
X X

TF T 2
T3 g3 Be y= e B THeh QI Uil W1 x o WY 3{ehei i W EH I
FW T:
=3 ()
3T GHIRIOT (1) H1 x o QU GA: bl H R 89 3@d € R

d2

_§;=9€—3x

dx
d’y d : .
d—f,d—yaﬁiywnﬂ,mmwaﬁwﬁgﬁwﬁﬁwﬁmquﬁ%%
X X

T T = 9e 3+ (3¢ ¥) — 6. ¥ =9 e —9 ¢ ¥=( =IAT UL
TEfeTy T g3 el U gU 3Taese SHihl &1 & & 2
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SEENUT 3 HAMIG HiSC T B y =g cos x + b sin x, 98 a4, b € R, S&HA
dzy
HefteRToT +y=07% 8 2|

a’

ol T gal wor

y=acosx+bsinx .. (1)
HteRLuT (1) o SH1 98 1 x, & WY SYUR ke HE W BH 2@l B
d
—y=—asinx+bcosx
dx
dzy .
—5 =—acos x — bsin x

dx

2
%@yﬁﬂﬁ@@%ﬂ#ﬂﬂﬁﬁ@ﬁﬁﬁﬂ%ﬁ%z

E>|T€ﬁ'‘3f&‘T=(—acosx—bsinx)+(acosx+bsinx)=0=§1'€ﬁ' qe
TEfey T gan wer, U gy sEshd UHieol &1 g 2l

YoATEedt 9.2

1 9 10 Tk 9ok 999 H HAIUd shifSe foh T g3 wer (T4 31een $Tee) |
TeTehel THIEHTT 1 B @

1. y=e"+1 : Y -y =0
2. y=x>+2x+C : y-2x-2=0
3. y=cosx+C ; y +sinx=0
Xy
4, y= 2 : ' =
y 1+ x y 1+ 12
5. y=Ax . xy =y (x#0)
6. y=xsinx L xY=yHx i —y? (x#03Rx>y T x<—y)
)2
7. xy=logy+C ; = xy # 1
y=logy Y=gy @*D

8. y—cosy=x : (ysiny+cosy+ux)y =y
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9. x+y=tany : VY +y*+1=0

d
10, y=g2-x2xe€ (—a,a):x+yd—y—0(y¢0)

X

11. =R i o fhet sTaehel GHe o s B T SUfted W=s 7=l ! el ¢

(A) 0 B) 2 € 3 (D) 4

12. dF =ife at fhdl sTEdha Tl o fafdre ga | Iufeerd @@= 3= &l
e B:
(A) 3 (B) 2 ©) 1 (D) 0

9.4. TaU T UF & AT TAeheT WHIHIUT &1 90T (Formation of a

Differential Equation whose Solution is Given)

&1 WA B fop et

X+yY+2x—-4y+4=0 . (1)
T U8 gq # Fefua o= & foee s (-1, 2) € @R e 1 i R
THIEHTOT (1) T x, o WY& STHA FH R TG Hid 2

> 1 s )
dx 2y

g Teh Thel THIHLU 21 19 1% H @7 for (19T 9.5.1 w1 S<18201 9 fEw) fom
I GHIRI Rl o Ueh et ol R hidl © SN SH el 1 Teh T&ed T (1)
o faan gan ga B ey Fefafad gt w faer wi
X +yr=r .. 3)

r, %1 faf¥=1 91 39 W eH Fpa o 9= w5 9 Y
BId € STEOM: 2 +y2 =1, +y> =4, 2 +y>=9
TG (3Pl 9.1 IFEQ) | 36 WehR HHIEHLUT (3)
Teh UH Hehsl il o el o Fefyd e 8 foeeh
%% g fag € @R Rt e fa= 2 X"

TR %9 39 ol o YIH 9 gN S Ry
S I STehel HHIRL A1 H1 H &1 98 FHieh
r ¥ TR BT A1ET Hifeh A o faia— d5&dl o v
fau r b1 o = B1 WO (3) 1 x o WU 3Tt 9.1
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IRl hE W T8 FHIHT et fehar simar 21 srerfq
2+ 2y D0 e A 4
X + Y X+y . e @

I Thel THIHT, TR (3) gRI Frefia Tehdl gei o el &1 Fefua o 2
aTey, f § Trefafaa wieee W fa=ar i

y=mx+c .. (5)

T m A ¢, o Tafa= qFl | BH el oh (a1 HEE WK Bid @ SeLudl

y=x (m=1, ¢c=0)

y=.3x (m= .3, c=0)

y=x+1 m=1, c=1)

y=—x m=-1, ¢c=0)

y=—-x-1 m=-1, c=-1)
TG (3 9.2 @) y &0
TH YR FHIHW (5) WA @l ok Fd @l Hed ¥
W%Wm,c?lﬁlﬂ%l L&

319 BN 1 39 el & TS UH 5RI G fhy
S STl STehel GHIERTT T i | B gHeR stfafie X<
T8 WHIR m A ¢ § Yo B MY ATk Fal oh
fafi= we= o foIU m e o1 |9 = 21 98 3ferha
R, U (5) HT x F WYY HHTEAR I aX

FheH T R I Bl ¢ i ST 9.2
dy d*y
—=mqq —=0
dx " dx* ©)

TR (6), WHIHOT (5) §N U g Wt W@l & et o el s 2l
feooft gefieRor (3) e (5) HH: GHRT (4) T (6) oF SA9F B B

9.4.1 1T gT Tkl & FT &l (TRIUT FAT Tl AR THIFIIT & (ror &f

Qiehar (Procedure to form a Differential Equation that will represent a given
Family of curves)
(a) AR KT gY =l 1 el F, el Th grerel O T shear ® @ 39 fefafed
Y AT THERT gR1 el fRar S e
F (x,y,a)=0 .. (1)
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STR:, WAl y2 = ax 1 FA f(x, y, a) : y* = ax o ®9 T THEH G
forefia forar <1 Hepar 21
THIFHWT (1) 1 xoF AHeY AThe A W BH ', y, x, W6 ¢ &I FiHfeq wH
e e G Freforfaa w9 § g g 2:

gy, y,a)=0 . (2)
THIEROT (1) Tl (2) ¥ ¢l O« & W H SERIH STEdha FHIH
frefofeaa &9 &y e 2:

F(x,y,y)=0 .. (%)

(b) A W g Thi 1 Fo F, el o, 7 bR Fefk oz & @1 39 Frafafea &9

mﬁaﬁwmﬁz&ﬁwmw%

E, (x,y,a,b) = .4
wﬂwww;ﬁwﬁawﬁmgﬁy X, Y, d, mqﬁwﬁww
T iR FEfafEd w9 F 9 g e

g, y,y,a,b)=0 .. 5)

g 1 G i Wl W & el 1 oo i wewe e € gHieg ed
e IR TRl i SEvTehdl €1 TE HHIHI, FHIHOT (5) W1 x ok @Hel
HIHe HH W EfAEd 9§ o R S

h(x,y,y,y",a,b)=0 .. (6)
THHT (4), (5) TH (6) ¥ oA bkl faq@ & W H @R 3T&HdA
Wﬁw&r@awﬁw@m%

F(x,y,y.,y)= o (7)

fret oF el 1 FETa a6l STashel THRT hi Hife Iat &
Bl © TS S| ok ohel o WA THIRU § WS 3= B 2

W&@Ty:mxﬁﬁﬁmWWWWﬁaﬁW
SR m Tk Wes 3T 2

oo gan € T
y = mx .. (1)
GHETOT (1) o S el whix ok WIYE e i W 8H Y| Hid 2
dy _
dx J J
m T A TR (1) H gfoeenfag & We y d—ix aaanxd—z—y 0 9

BT 21 98 Y m W T ® 3R sfey 78 st staeher wieRto 21
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el o B y=a sin (x + b), FTH @, b == 3R €, ! Fefa s o
Agehel GHIHLOT i JMA Hife|
& g3 © 7 y = asin (x + b) (1)
qHEeRTor (1) o SHF 9=l &1 x o ANy SR ade S W H W H o

%:acos(erb) .. (2)

X

dz
F:—asm (x+b) .. (3

TR (1), (2) a2 (3) 9 o @1 b faqa 0 W 80 W & 2

d’y
<z =0 (@)

THIHT (4) @ TR ¢ @ b W G 2 3N 8T 78 i sfashel WHfiehoT 2

UG <ol oF el 1 T S aTel 3Taehel WHIH IO T hifay, forehT
g x-218 R ¥ e foent o gt g 2

e A B T shiva <efgal & ool b1 Wil fefafad weR w1 e @

(aTRfa 9.3 3fEm) v
N
2
xT oy
— to5=1 .
PEIPE: (D
THHOT (1) T x o WU 3TEHeH il W eH X'€ ~ >X
2x 2yd
Z+ 220 yra g 2
a b- dx J
YI
dy) -b*
e X(_y):_z . (2) 3TTRfd 9.3
x \dx a

HHieRtur (2) o ST 9&l T x ok WY& TEeheld K U BH Y| Bl B

dy_
Y3
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= P.g ) = g ®)
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: (22X 2x°
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('FIﬁ'QT SSHTIUTA (Vector Algebra))

¢ In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. — HERMAN HANKEL <}

10.1 YfierT (Introduction)
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SUAITEl 1 3K URa e 2

10.2 b8 MUY HeheusTd (Some Basic Concepts)
I e fof forelt aar stern fr-forftr siaftar o | o wee Y 21 dR) & Feml
Herd 9 59 e 1§ Rend weE w1 S wend €1 e A o @ Fifee fen ot
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ff T Y@ e Y@ swean ® [arepta 10.1 (), ()]

l l l

(@ (i) (iii)
3TMeRtd 10.1

a1 ufera sIfSTg o ok &9 @ 0 1 terEe AB a% gidsfud #Y 3d ? ad
I B @ e weh fewn areft Y@ < W uf fuifa g S 21 39 TR B U
o2 T@mEs g Bidl € (3eRta 10.1(iii)) | 3d: T fowe tams 9 ufemor g e
A g 2

T T ufe o ufeer e fen I e €, |fke wEan 2

e ey otk e tares wikw e @ (eenta 10.1(i0), 5™ AB @1ermn
TRV g, % €9 ¥ fde FW T oK 39 9w (AB e Ry ‘G wu A
Tgd 2|

o fag ASEl 9 Wiy AB YR el €, WRfweh 65 oo ¢ 3 @ fag B wel
W GRY AB, 9T Bl € Afon fag shearar 21 et wike o wRiye g @ifaw fagat
o ot 1 SO Afke 1 IREr (SIeer ) FEdm € $R) W |AB| Ul |6 |
w9 § fafde farar S 21 4R 1 e wfge 1 fgen 1 ffdse s 2

Fifep warg Hefl F ForHS T et € T Hena | | < 0 T B

a1ef 7T ?

frafa |fg9T (Position Vector)

Hel X1 9, f-fami= <feromedt @wsifore s vgfa &1 w0 =ifsw
(ameRfa 10.2 (i) faler # ga f55 0(0, 0, 0) o Ty wh wr fag P ofiferg forees
e (x, y,z) Bl 99 Wiy OPp f&d O 3K Pwhasr: yrfds wd aifow fag €, O
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V4 Z
N N
A B
P(x,2) 7 B
- > 7C
r
> >Y
0(0,0,0) Y ©
X @) X (ii)
3TMeRfa 10.2

Ter fog P o1 feerfa wfer wearan 81 0 g3 (Fe X1 ®) 1 ST ST T Op
(31 7 ) w1 uiE fefatad 9§ 9w e e

|OF| =x* +y*+2
=EER | 7o fog O o §y, fagstl A, B, C sfs o feerfa @fest A9 6.b,¢
g fafde fau I & [=11Rfa 10.2(60)]1
ﬁ%—aﬁﬂm (Direction Cosines)
TF 3 P(x, y,z) &1 fearfa Afxer OP srorn 7 S St £ awmepfa 103  <xifn
T R CWEST 7O x,y Wel z-3187 Wi UcHeh [QINSA o WY &I Y HHIT: HI0]
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o, B, Tel y & 101 sheeld €1 57 iU e shIHET HH ST cos o, cos B T cos y A
7 o Taep-hIGTE HBAN € IR WHE: ST HAES: [, m T n W fAfde fhar s 2
3R 10.3, W &0 <@d ® for BI9sl OAP U wHehivl 31 @ 3IK 30 f5yst o &n

cos X @ |F| % AU T fR T @ Ww e €1 3 YRR e e
r

OBPTH OCPH &7 cos 2 WH cos < for@ @ohd 21 36 Wb fog P o Fewmian!

& (Ir, mr,nr) o ®9 ° afﬂsgﬁﬂ fopan < H;dl 21 Rep-hiaE o quHI qE@nd /7,
mr T nr A 7 o fGeh-219d Feed § I bl HAI: g, bl ¢ W e fan
S 2

B AIE HT TR B R 2+ m? +n? = | W qHHED: a2+ b2+ 2% 1

YT AT [Zero (null) Vector] T el fSieer URfye w§ 3Afaw fog Hurdl sld 2
I W FEd € R 38 § & &9 ¥ fAfde fpan s 21 s afkw 1 #iE ffvea
&9 9aM & 1 1 Tehd! e gHR IRAT I ST ¥ A fohoud: THR Bl
oft feen uRoT forT €U WM ST WeRal 21 Wikw AA,BB g Wiy 1 frefia & 2

A& FE9T (Unit Vector) Tk &1 F5T5eRT IRAT Teh (3125 | ShTE) © HISeh |yl
Fedrd 2l e Ry gu afkwr a 1 Ko o uee afew 1 9 ffde fmar s )

Tg-2few AfEIT (Co-initial Vectors) & A2 3Afieh Wigwr feh T & IR fog
2, 9 e |fEe HEan 2

W@ |fEIT (Collinear Vectors) 3 31eren 3ifues @fes 4f¢ Tk &1 Y@ o gHeR 2
3 wa wfew wEan €l

HA |fE9r (Equal Vectors) 3 G G qen p SHM WG el € A Soh i
we feen WA 1 S @ =b % w9 fow@n S 2l

UMk ATEIT (Negative of a Vector) T Wis¥ fweht afwmr fu gu w@fser (WM
s AB) o w9 € Wiy foreer! faen e gu afw =1 fen < faodia 7, e g afw
% RUMHS Heeldl 2l SIEWd: |3 BA, GK¥l AB % ®UH& ¢ 3K =
BA=-AB % &9 ¥ fa@n 5 2
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femuit svder uftifa wiEe 59 YR 2 o 70 o et w1 oft S@eh uftor we feen
! Rerfda ferq fom o o wwiar fereenfia fenan < Hehal 21 39 WehR oh WG9 Tore
ST wedn €1 39 R AT § 7 Toad Aiqel i € ==t B

FETET0T 1 31 | 30° uft=m ), 40 km o fawemd= 1
1 AeE &9 Hifsa) W O g
ol @ew op @i fasammy 1 fefua € .
(Mfd 104 Q) — o
ST 2 frefated T w ek e aike F e $
H guilag Sifeal ¥
(i) 5s (i) 1000 cm’ (i) 10N
(iv) 30km/h (v) 10 g/em? P M
(vi) 20 m/s 3T HT AR MR 10.4
ES|
() THI-3fEw (i) STEH-ARY (i) TA-|
(iv) Tfa-sifer (v) SA@E-3ARE (vi) ST-EfeE
SETET0T 3 SRl 10.5 | shiA § Wiew e
() W@ R ‘
(i) &€ >
(i) wE-amfEm ¥ e o
—
T 1 9T % =N
() ¥@ 9w : g,¢aamd
(i) A Wfeer: gauné TR 10.5

(i) wE-3nfen wlEwr: p, ¢ qen d

oAt 10.1

1. W H 30°9d H 40 km = forerod 1 ste@™ g0 Sifsu)
2. Trefafed Al @i atfcw wd wicw & w9 § goiieg Hifsw

(i) 10kg (i) 2 HleX IW-9fe=d (i) 40°

(iv) 409 (v) 107" pad (vi) 20m/s?
3. fr=fafaa w1 sfcw o |fce aftml o6 9§ goftag wifsal
(i) 99 hIenel (i) 0 (iii) &1

(iv) =T (v) &M
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4. aAepfa 10.6 (Wh =it) H frefafea @fken = I
EERIIEY
(i) wE-3eH (i) FHH
-> ->
(i) @ Y ATHA d b
5. Trafafaa &1 SR 9 Ao 9@ & w9 ° i)
() @ —a W@ 2 -
(i) < wrE afe ®1 9 wie 9uE 2 2 am_émb

(iii) THH g7 Ot 3 G W@ e 2l
(iv) TEH 9RET oTe § S wfke 99 g g
10.4 |9 AT MR (Addition of Vectors)

wiew AB ¥ WHRUE: gHW @ ¢ fag A ¥ fig B C
Ton TaeeA| o198 T UH Refa &t == sifee e
T SH! fag AW 95 B ek =l € 3R SHeh «Ig
fag B9 fag C a% =t € (emepfa 10.7)1 55 A9
g C T @S R fohal T Fpa faeemds gfser,

AC ¥ Wi g1 € ek @ AC = AB+BC & =g A B
¥ sifverea o s 2 TRt 10.7
T @feer A 1 s Faw weom 2

I, (S BHR U < W9 G 99 b @ [STepT 10.8 (i)], @ ST AN Fd Hi
o fore 5= 3w feorfa o e sian @, @ifer w1 Rfuss fog S & ifam fag o gordh

Bl S [3TeRfd 10.8(ii)]1
1 X N
% L >
A "B b
x 2

A > B A /\‘B
a =
N

\—b
® (ii) \
3TMeRfa 10.8 (o4
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IREIUM: R 10.8 (i) H, TH WSS f o TRA0 W& {9 sl gRafdd fhe fomr 39
YR WA feran & @ifer soeR TR fag, 5 o @ifaw fag o wordl € o= fryst ABC
&I dEl 91 AC 8N FT&fta 9fe®l g +p B9 9@l g 990 b1 AN (Stean gRomHT)
WM el 7, 1eiq st ABCH &9 9 € fF AB+BC = AC [3Tsfd 10.8 (ii)]
39 qH: iR AC = — CA , 39T STder @Hiehol § g9 UM € T

AB+BC+CA = AA=0

T aeqd T ¢ R TR B 1 qenet @i afk wh % fam S dr 9w
TR &t R U e € s TR we sifaw fag wawd € St @ [eeRfa 10.8(ii)]!

3@ Tk 9fcyw BC &1 &1 39 Yo hifelQ difr ek aftdmor 9fcewr BC, o
U o WHH B, g ekl e BC w1 fRen o fawda @ swepfa 10.8(iii) tefq
BC' = —BC a9 T F@9 =1 SI{uaim &d gC [3Mepfa 10.8(ii)] ¥ &9 9 ® T
AC = AB+BC’ :@+(—fC):5—E
dfeer ACT, G a1 b o 3ia¥ =1 Frefud e 2l

319 fopdll 7t o T fohR § TR fohaR @& 9t o 8@ &1 IR0 oF ddad S
el Weh A9 1 =l hid 1 q| W A W a9 Wiew s Y @ ¥, TH g g
el < A A S 3R I AL o I Sk ST 1 S| S S S ok A gee 9
19 e B T 9= 3 @ = IE S |1 59 A %1 g9 i ud e (srerfq

qRomdt o) o SR § e foar @ o fau R 9 9iewr antee &1 fefataa
frm 2

g TR U Toh HHIMR TS hl B ¢ C
3 word qenett ¥ frefua fee S m ara
(uftmror wg feen wfeq) < wfzer gaeans ;rx;"’
3 (el 10.9) a9 WWR WqES #E b ¢ I

A gl oF IATTS fog | TR AT
forenot 37 <A wiewi o 4 G + b 1 UfEmo o
ue e wfeq Frefia s {1 7 afke g
=1 FHI SqHS FE wHee 2 MRt 10.9

=y
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|- fowroft| fger fram 1 SwE w3 gU ST 10.9 W &9 A w wHd § R
OA+AC = OC & GA+OB = OC (¥ AC=0B) Sl f&F W@ =gds
f7am 21 &1: 30 %e WHhd 2 fR 9Rkw @ % I W @ % 9 R
|9 AHRSA F Turerd (Properties of vector addition)
ToTer 1 | WiEl g qen b % fag

i+b=b a (AT~
suuf TR =gy ABCD &1 wifSiy (37 10.10) #F @ifsiq AB & @I BC b,
a9 1St ABC ¥ 59 90 o1 WM &
W TEF AC =a+h
TAH To WA@ T, THfeT Shfa 10.10 H

AD=BC=h 3R DC=AB=a & T: =
ADCH f14st fa9 % W& AC = AD + DC

=b+a

: i+b =b+a

et 2 @9 WREN G,b oK ¢k fau
(@+b)+C =G+ (b+¢) (Fe=d o)
suufa g7 ofifSe, wfel ,5 qen @ 1 HAU: PQ, QR TS RS ¥ Frefum feman
T © S TR amepta 10.11(1) 3R (i) & < = 2

4
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GE| i+b = PQ+QR=PR
i b+¢ = QR+RS=QS
ESIKI (@+b)+ ¢ = PR +RS=PS
R G+(b+¢) = PQ+QS=PS
3d (5+l3)+6=c7+(15+6)
it |fEw ARd % WEEd U w1 WERE § 89 diF §eel d,b a91E wm
ANTRe] IS &1 ITAN U a1 @ b ¢ o ®9 | foeEd 2
e sifse e fed afke 4 & foaw 5w I R
i+0=0+d=a
&l I WiEw 0 ke ATha & fau A e fEan 2
10.5 T Tfa9r o afaer O (Multiplication of a Vector by a Scalar)

M ofifS for g wer fean gem |feer € &R Ak 3ifeer 1 a9 afewr a o1 eifewn A,
T PrRd 58 Aa o w9 | e fran st @, 9fiwr g 1 fEer A9 o e
21 e T for A g off 9fewr G o oE T 9iewr 81 A Sh HH AT S19d] SR
B o AR A G 1 TG0, G oF WHE 3tee foradid gt 81 Ag w1 GRAr G o 9
1| A| O BT €, Srefq

|Aa|=|r|la|
Teh AT § HSL o UM 1 SATHATT =1eIHhI0] [€9 1 ThedqT (visualisation)]
Pt 10.12 ¥ & T )

7 7
~ bl
3TmeRfa 10.12

SEA=— 1,79 \d=—a S Tk UE HiEyr 2 5@ 9 a & w6E 2 i K
st feen o faufia 21 @feer —a 9w @ 1 RUTcHe (AE AT Giaaiy ) sHEard
T AR BH BN G+ (-d) = (—d)+a=091 &l
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ﬁtqﬁ;xzi,ﬁm@ﬂ%%a 0, 3tefd. @ Uk I afew 7@ €

|

e fooolt | foRdl off i@ k% T £0=0

10.5.1 Tx '\’-77%'\97 & TTF (Components of a vector)

amén fagati A1, 0, 0), B(0, 1, 0) 3T C(0,0, 1) 1 HHI: x-378],
y-318 T -39 R o g1 79 v

|OA| 1,|OB| =131 |OC| 1

et OA, OB @ik OC ¥ & vais =1 afmmr | € ¢
F: OX, OY 3R OZ =1l o feer Aok |iee wean
IR SR HAN: [, G SR £ gR FAfde foRar St @ (smehfa 10.13)1

a9 W a5 P(x, y, z) o1 Teufa @fger gp wifse s&n f emepfa 10.14 & <t
T 21 A e R fSg P W T@ XOY W @i T o @1 IR fig P, ¥ 3® YRR
T T ¢ R P P, o318 & WAIR 2| FR 7, ] wE £ FN: x, y T 2-378 o Sifaw
T Wik € 3iRP & el 1 U % STER €9 U ¥ PP = OR = zk . T
TFR QP =0S=yj 3R 0Q =i .39 ¥HK &0 T 2 %

OP, = OQ+QP, =xi +yj

C: OP = OP, + PP =xi + yj+zk

39 YR O o |ider P o1 fefd Wie1 OP (31%/ 7) = xi + yj + zk o ®9 § 9

e 21
el ot @feer 1 98 &9 ¥ ®Y HEAd el T x, yUH 7 7 o A TqEH

FEAM & AN xi, yj T zk HHAME el b SARY 7 o WEW ULH HEAW 2l
FW-H) x, y T 7 ] GHHIUR Teh el Sl B
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1
R
P (x,,2)
5 i
zk A
A
i R oy
;\ o S g
Q -
P,
3Rl 10.14

X

TRt AR 7 = x7 + 3] + 2k , BT TN TELTIRY THA BT ] IR G ek X 710
H1 S "Rl T FW A H T @R S OQP, H (3T 10.14)
0P, | = {/[OQP+[QR[ =2 +)?
X whor S OP P, ¥ W U € R
OP | =[OR} [BP} * ) &
3 Trdll WY F=xi + yj+zk B WS |F| = |xi + 3]+ zk|= x>+ y* + 22
% ®Y ¥ 9 2l 2l
f% & W G SR b T T H B g, +a,)+a,k A b7 +b, ] + bk 5 R
mE @
() @fewl @ IR bept =
G+b = (a,+b)i+(a,+by)]+(a +by)k F FT H W B B
(i) W91 @ 3R b 1 IR
G—b=(a,—b)i+(a,—b,)j+(a,—by)k & ¥ ¥ It Tl 2
(i) |feer @ 3R b w9F 21§ 4 i Shew 4%
a, =b,a,=b, #R a,= b,
(iv) Terdlt sifcw A9 wfew g 1 7oA
Z = ( a) (a)j ( a;)ksW & Tl
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afeeli 1 ATha R frdl fewr 9 wigw w1 Yom wiinfaq w9 o Fefataa
foavu-fram 9 foem ©

A efT i a R b g <) Gy & 3R k@ m T Ay & @&
() ki+md=(k+mya (i) k(ma)=(km)d (i) k@ b) ka kb

1. 319 Ufera & Wehd € foh Ao fopelt oft w1 oF forg wifger ag &oem wfest @ &
T B aad ¥ 9 6w 4 @R b wiE adl B § Al R Shee 9 T 1@
TR e ), o1 sl € qfeh b =Aa @1 A Wikw @ 3R b w2 w9 H Ky
TR, 9l d=ai +a,] +ask IR b =bi +b,]+bk , 78 A AW W@ T E
TfE 3R heaet 4
bi+b,j+bk = Mai +ay] +ak)

& bi+bj+bk = (ha)i+(hay)]+(hay)k
= b =Xa,, b, =\a,, by, = Aa,
L Ak b

a a, a

2. AR @ = af a] ak T a,a,a, AW G F K- FEA B

3. H&l,m,nWW#ﬁ?{—W%w
i mj nk = (cos )i (cos )j (cos )12
feu gu e =1 faen & wne @iy ? W@l o, B ud y U gu 9k g w99 «,

yUS 7 3181 o G ST q H107 2
X,y 3R 2k T A HIIC AME W& G = xf +2] + 2k IR b =27 + yj +£
TuE 2l
e ST fop <1 |feel WHE g € A 3R oherel AT Sok WA S HM 2
a1d: XU gu 9w g olk p @AM e AR &K haat A x=2,y=2,7=1
T A G=7+2] I p=2f+ } @ F |G|=|b |22 AR g 3R b
T €2
&l |d| =12 +22 =5 3R |b =22 +12 =45
T |G| = b | R T gu wfzw wam 7 € s oo ¥ ges = 2
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qfewr 5:25+3}+1€&WWW%W|
el g o e " wigw i=—g gm W B R

|

GiC| ld| =22 +32+12 =14
A 1 2 AN 2 3 1 -
AT a—ﬁ(2z+3]+k)—\/ﬁl+\/ﬁj+\/ﬁk
Wa:f-zj#w@@@q@mwmww&w7m%|
= = 2
fau gU Wfew @ o SAfew W |iey 4 = || \/—(l J= \/— \/—]%I

Wa&ﬂﬁﬁmﬁ'{7www7a—7([ jgj \/,° \l/ijﬁ‘l

el G=2{+2j -5k 3R b=2i+j+3k % ATk & FIRA A=H
qfer 1 ks

W@H&Sﬁwaﬁw
i b Tfl%Tc—4l 3] 2k%l
3R HE \/42+32+(2) ~J29

S om a4 .3 a2 s
A 43f—2k)=——] S
(41 +3j-2k) \/EL—F\/EJ \/E %|
ST d@ =1 + ] — 2k ok Teeh-3rua forfag 37k seeht Werm 9 fep-ahiar
q i
o T R Al 7= xi + yj + 2k o REH-3TUE a, b, ¢ AW &, FATT T2h

x,y,Zm%|WW@W&WW“%%aZLbZIﬁT C:—2%| g
4% 1, m AR W gy Wi & fKep-wiwE €

Y
ﬁ~
O

a 1 b 1 c 2 N |
l 7l 6’ " 17l 6 |7 | «@( 7l o)
3 . 1
: ) [\/—\/__\/ j%
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10.5.2 E} ﬁ@?—ﬁ & e arer '\’-77%'\97 (Vector joining two points)
RIE P (x,y,2,) 3R P(x,, ¥, zz)ﬁ forg E] Z
P & P, ¥ fie aren wRke pp, € (el
10.15)1 P, 3R P, &l @ fag O & fAem =

2P2 (3,02, 27)

R e few #1 W S W e B 2'5

OPP,® 9 & f OP, +PP, = OP, ) > Pl(x\,,‘y{l,z,)
qfeer FTehet S TOrEl H1 SUET B U i 0 "3

YR Tl fefertan w o fomn s 8 s 1015

PP, = OP, —OP,
Ui PP, = (xzf+Y2JA'+Zzl€)_(x1{+yJ"‘Zl]g)
= (x, _xl)i+(y2 _y1)}+(22 _Zl)lg

i PP, I AT (PP =\/(X2—X1)2+(y2—y1)2+(z2—z1)2 o ®9 H 9w
Bl 2
FaETuM0 fagsti P(2,3,0) W8 Q(—1,—2, —4) &l THaM aTen Td P ¥ Q&1 WH i
BIENISICECAIS 1
ol Hifr Gfke PAQ T W% R 7, wywea: P yrfuss fog ® @iw Q sifaw fag €,
Tl P 3R Q i fHam aren srefie afkwr pQ, frfafad 9 & W e 2

PQ = (-1-2)i +(-2-3)] +(-4-0)k

a1 PQ = 3i 5] 4k
10.5.3 &g A (Section Formula)
o e o1 fog O o |der P ik Qa1 fag € forent Q
feafa @wfkwr OP &k 0Q ¥ fefua faar T 2
fagstt PwE Q &l THaM amen @ ws fahdt deR fog
REN T &R ¥ fawfaa e o1 sl 21 3@ o
(3TeFfa 10.16) T a1 (SMFHA 10.17)1 T8 THR >
3I%2vd 7o fag O o |ue fag R w1 feorfa wfker OR JTeRfT 10.16
A HE 21 BH S TR Rl UH-Uesh ek oid 2l
frafa 1 SR, PQ &1 afa: Tawrfaa atar & (3Werfa 10.16 )1 AR, PQ ! H

v faurfd % @ 7 mRQ =n PR, S@T m 3R n ¥k SIS 2 1 89 gd §

v
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foh 85 R, PQ 1 m :n ' 3TA ¥ 3fd: i +<m &1 o s ORQ @& OPR §
RQ = OQ-OR =b-r

® PR ~ OR -OP=7-a
gHfe m(b-7) = n(F-a) (F?)
B’ -
A s o (T & M)

m+n

oa: fg R 6 P3IRQ ! m:noh U@ § 3a: fawifoa e 2 =1 feafa e

. b +nd .
OR = 22 &% g ¥ yra g 2

m+n
& R, PQ &t arg fawrfsa &t 2 R
(2MMERfd 10,17 )| I8 AT HTT T 8% o faQ n
Th Y o &Y § Bed € o W@rEs PQH minh 7 QN

a@mﬁmﬁmﬁawmﬁ@[m, PR _m

N

l;__.
1 feofd GRE R = % w9 § 7 A 2 ImeFpfd 1017 P

m-—n

af% R, PQ &1 WA fog & A1 m=n 1R z@fe feorfa 1 ¥ pQ & #ea fag R

wﬁ:arﬁrwﬁzﬂo_}(:a;b#wﬁm|

3 fog P eiR Q ofifsw foep feurfa wfeer OP =34 - 26 IR O0Q=ad +b
g1 U U9 fag R & ffa wfie 9@ ST St Pug Q =) T areft Y@ =i 2:1%
FAUE H (i) ¥4 (ii) o fawifsa s 2

(i) PR Q! e st Y@ =i 2:1 % U ® ofd: fowfaa @ ot f§g R

=1 feafa wfw 2 - -
. 2G+b)+Gda-2b) sa
OR - SRl

3 3
(i) P 3R Q! fire areft ¥@n =i 2:1 % 319 o =l faaife e ol fag R &1
feorfq wfger 2:

. 2(@+b)-(3a-2b)
OR = T

—4b-a
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Torzy o fag AQ20 ] k), B(G 3] 5k), C(3i 4j 4k) T "H&I0
st o 3 2
9 U € T
AB = (1-2)i +(=3+1)j+(=5-Dk i 2] 6k
BC = B-1)i+(—4+3)j+(—4+5k =2i — j+k
IR CA = Q-3 +(-1+4)j+A+dk =—i+3]+5k
Tqer ifafiea = difee fo
|AB]* = 41=6+35=BC|* +|CA ]
ama: T gan B s wmein e 2

Goit ek B=21-7}-3k E:%h%j—%é
T i et 7 fafa= afewr fafaa)
A feun ot < fafy= afew fafeu)

xﬁy&%%ﬁﬁ@ﬂ%%ﬁ 3}35ﬁ1x1T y}ﬂ'ﬂﬂﬁl

e WG o1 R fag (2, 1) B @IR 3ifaw fag (-5, 7) @1 3@ |l & st
T WIS e [a il

WG =i-2j+k, b=-20+4]+5k W ¢=7 — 6] — 7k 12T T HIfo
WfEwr d =1+ +2k % TR TH AR W TG BT

Wi pQ, o HfRw Ak WY [ HIC ST 65 P &RQ w7 (1, 2, 3)
R (4,5, 6) Bl

few gu wfwtia 20 j 2k 3Rb 0 j k,o fow, wRw a+b
ST AR |fsw J it

|few 57— 424 % eigfew vk UW wiie 9w e ufem 8 e 2
Toiew for wfew 2i 3] 4k 3R 4i 6] 8k W@ 2
Hﬁ{ﬁf+2}+3l€ﬁﬁ7{cosine§lﬁﬁml
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fora
fogatl A(1,2,-3) T B(-1,-2, 1) %l THaH ol THA ¥ B &1 WE g |fewn
%! fSeF cosine @ hifSTU)

Terie R @R [ 4 j4 & A& OX, OY W OZ % §1¢l SWe el gaTl ¢
fagefi P(; 2] k) 3R Q (=f ] k)™ e =t @ =i 2:1 = UM
H (i) 31a: (i) 9, fomfem @ gt fog R o1 fefa afssr s wifsm

T fagaii P2, 3, 4) 3R Q(4, 1, -2) i THerH =rel Wiwr &1 wex fag o wifsw)
<eiew &k f9g A, B3Ik C, forrer Reofer ke shmer: G =37 -4 -4k, b=27 - j+k
AR E=i-3]-5k €, wh wHHI0 By o ol b1 Fmio e 2
519t ABC (3T&pfa 10.18), & foq frafafaa & @ & @ %em 9 =& 2
(A) AB+BC+CA=0 C
(B) AB+BC-AC=0
(C) AB+BC-CA =
(D) AB-CB+CA =0 ITFRT 10,18

afs a 3R b <) W W € @ Frefatad § 9 # @ FeE 9 T e
(A) b a
(B) Gd=+b
(C) G 3R b o HUN =eh FHETE & 2l

(D) < @fewli g aen p &1 e oA © W afmr e €

B

Lol o
>

areft o B GiRW & ANTRS U SHashe o o) H 31 fhan 1 o1 BN SRvd
Wil o1 [UHARe THe Th SO S Wikl whi el T 81 €H T Y Weohd ©
o <1 WSt 1 TUHRA Uk G&A1 Bl 7, ] 3@ 1 Ul Ueh eI Bl © g
werl i fefq o 89 SR 1 YR W TN Y Wehd © AHA: & %ol i fSgar o
TS < el 1 HASH| SHT YR Wi b1 U off < adier § wieita fman St 2
A AR UHES el g T @Afee gl @ @I Wik ot Sl 9o U
wfee e 21 WEwl o 39 I YRR o UMWl o SNHR R A, AR T
ARgifeRT o 3k fafi=T 31 yanT €)1 58 Uies | &1 37 3 Yok o Ukl shi = Rl
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<) YR |l d 3R b @ sy Ewa - b g e R S g
SIS a-bh =|d||b|cos & ®u | uRwifa fwan s 21
STEl 0, G 3N b, o = I E A 0 (3Rt 10.19)1 :
qfc g 0 s1e@ b 0, a1 0 uitwifia 7t = o v frefy o —
9 a b 0uRHt # 2 aq@ﬁmo.wa
T
. G.b U ordfas €@ 2
2. I AT R G @R b X YER WG T 9 G5 =0 AR I Faad AR
G R p WER deeq € AU G- b=0 alb
3. ake=0,99 a-b=|d||b|
fafered: g.g=|ap, #ife o0 feofd ¥ 6=072
4, AR O=r, T G-b=—|a||b|
fafired: @ (@) |af?, < T =9 fefa 90, n % auer 2
5, ga%z®3#Wﬁﬁwmwwﬁsﬁi,} T k, o fau &89 um

A

ii=jj=kk 1
el (j=jk=ki 0
6. T YAW W g 3 b o = F FI 6,
cos Qa'ba SIEEING) :cos_l{ *a'b* }Q‘Wfﬁ?ﬂ ST 2
|allb| d||b|
7. ey orRd % At g sl
di-b=b-a (T ?)
A9 UAEA o I WEEYUl UIEH (Two important properties of scalar
product)

(TS UHTS HT ARG W faawer FEm) aH @i G, b R ¢ diF
ok e @@ a-(b+C)=a-b +d-¢
7 A g @R b % afkw € 3R A T aifiw 7, @
(AG)-b = Md-b)=a-(\b)
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afe < wikwr T2k B H af +ay] +ask W bi+b, ]+ bk, KU gL E @9 S
sifeet MR fefafed w9 7 9 g @

G-b = (ai+ay,]+ak)-(bi+by]+bk)
= i (bi+byj+bk)+ay]-(bi+b, ] +bk) +ask-(bi +b,] +bk)
= alb](f-f)+a1b2(f-j)+alb3(f-l€)+a2b1(}-f)+a2b2(j-j)+a2b3(j-lg)
+ ayby (k1) +ayby (k- ])+ab; (k- k)
(SR TUIEH | SR 2 1 STEN S W)

= ab, +ab, +apb, (JEIUT 5 o TN T W)
0 YPR G-b = ab, +a,b, + asb,
10.6.2 Tx '\’-77%'\97 &7 foRrdt 3@T UT 9T 1783'0' (Projection of a vector on a line)
HqH T o T wfkw AB feret fiwe Y@ [ (wm it o @iy ammed foen o 6
10T S 21 (SFT 10.20 2f@U) @ AB ®1 /W YEY TE WEW P (W )
 forert afmmor | AB | cos© ¥ 3iR forert faem 1 /30 f&en & wom steran faada g
70 o R R ? 75 cos 0 ¥FIcHe € 31¥el U | WReT P ! V&Y G sed §
AR gueh1 IRmmr | p|, Ffie Y@ ) Gfke AB %1 98U shedr @1 SSeE:

frafafe & @ woi® sepfd § Wies AB #1 Y@ [ W ve " AC 2
[3TeRfd 10.20 () ¥ (iv) Th]

B B
ZKJ J :\N l
> ~7 rd <€
A PC c 7 A
(0'<6 <90 (90°< 6 < 180"
(i) (i)
FA;) 9 >
Ce 2 P !
B B
(180'<0<270) 270< 9 < 360")
(iif) (iv)

3TmeRfa 10.20
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Pro)
1. @ % sfew afx p e wiew € @ @ (R ARy g w1 e 4.5 e
g 2l
2. U AfEw G 1 TR AR p, WILT G-b, 3190 @
T el 2l
3. A 9=0, @ AB 1 Y& €Ky ©F AB B SR A 6 =n @ AB %1 Y&
qfgeT BA B
4. qﬁ(@Z%ﬂ%ﬂ e=%aﬁ@wgaﬁwﬁwwwﬁwm|
a0, BIRY TR G=a,i +a,)+ak F TE-F T A SHH Kep-hE
frafafad &9 o o %1 S Wehd! 2

ai a a a
cosoL=———=—-, cosB=—=, and cosy=—-
lalli] lal al |d]

) o
b s by
D] D]

T ot & AT % |G| cos , |d|cos 3N |d|cos FH™: OX, OY A OZ %
Wa&gaﬁ%’amw a&mmal,azﬁ?%?ﬁqﬂ:x,y,@za&?
o IR 5 o eIY 2| 3ok Afaiien Ak 5 Uk Ak Uik € e SRl fKep- i
1 R |

d =cosai + cosfj+ cosvk

& w9 T Afqeae oA ST Hehdl 2

< wfee d@ @R b % uftamor w1 iR 2 B wen d-b=1,37 ufeEi &
o= 1 IV TG HiTI4|

femgan e a b L|a| 13W|b| 2. sm:

QZCOsl{ fi.b_,}:cosl[ljzﬁ
|d@llb] 2) 3

afest @ § ] ka=mb i k o &= k1 B0 A S
< el @ 3R b o o= % w0 T g wed 7

cosO = Cj'ba 9 9w Bl 2
la|lb|
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3 ab=@G(+j-k-(i-j+k)=1-1-1=-1
WW%‘HW%?%“ cosez_?1
37 et i = cos ' % 2l

afe G 5 ] 3k @ b i 3j 5k,d culEu fe wlwm oa b IR
i b oeed 2l

&1 WM € T 1 IR i daed e € aft s wfswr e g )

£ G+b = (50— ]-3k)+(F+3]-5k)=6{+2] 8k
i G-b = (51— j-30)—(f+3]—5k)=4f —4}+2k
NI G b) (@ by=(6 2] 8k) (4 4j 2k) 24 8 16 0
3T i b R a quﬁw%]
W G =27 +3]+2k 1, W b =] +2]+k T F&Y A HifeQ|
qfee g @1 i< j T 9&Y
1.5 1
—(d-b) = (2.143.2+2.1)= f 3
b YA+ +(1) I
Rk q WRW GeR s W YRR T R |dl=2, |b=3 SR a-b=4T
|d— b | T HIfST)
& U €
~12 R
@ b =(@-b)-@-b)
—dd-d-b-b-a+b-b
= |af -2(a@-b)+|b

ESIKI la-b| =5
qME G Wb " Wi ® 3R (¥—a)- (¥ +4d)=8,d | X|FM@ it

Fifer g Tk A WG ¥, T g |=1. 9% o fEo gen € f
G—a)-(F+d) =8

THfAT || = 3 (eFiifer Tfer =1 gftEmor wee YRR g 2)
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SEEIOT 19 < Wiewl g @k b, % faw ®Wia |d-b|<|ad||b| (Cauchy-Schwartz
STEHR) |

Tl 4 gL oM WeS U W T AR G 0 e b 0. owad o =9 feufa o
T U ETF |G.b|=0=|a||b|. ST BW FouwN B & F |d|#20#(b| T BH

. = C
|d-b| Zxb
—— = |cosO|<1 THermm 21 ¢ /4
|al|b] b
A —
. - B
zafae |a-b|<|a||b| ¢
3TTeRa 10.21

SEETUT 20 ] W g qen b A WA |d+b|<|d|+]|b | (Fge-swafiem)
Tl 4 g orfen, < feafl ¢ o b 0 H WeS w9 9 T ¥ (A 2)1 T
M wifSe fk (g 0 |b| ds

|G+b = (G+b)’* =(G+b)-(G+b)

— |G +2a-b+|b [ (AT UAEE %E fatE @)
< |aP+2|a-b|+|bf (FifF  x<|x|VxeR)
< |aP+2lal|b|+|b (ST 19 W)
= (al [b]y’
I: la+b|<|ad|+|b]
e frot | afE Frger-srafi o i aror 26 2 (SE e 20 ®) st
|a+b|= |d|+|b|, &
|AC| = |AB|+|BC]
fag A, B @R C W@ <@ifan 2|

SETETUT 21 ST R g A (=27 +3]+5k), B(7 +2]+3k) ¥R (7 - k) ¥ 2
T B9 W R e
AB = (1+2)f +(2-3)j+(3-5)k =37 - j -2k
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BC = (7-1)i +(0-2)j +(-1-3)k =6i 2] — 4k
AC = (7+2)i +(0=3)j+(-1-5)k =9/ —3] -6k
|AB| =14, [B]| 2Vi4 &k |AC| 3Vi4

e |AC| =|AB|+|BC|
a: fag A, B 3R C w@ 2|

3R 21 | oA ST fF AB + BC+ CA = 0 g fhe off g A,
B 3R C st & sfief &1 frwfor =&} =< 2

<) Gl g qen b o R FHY: 3T 2 © R d-b=+6 A aqmb
o &= 1 IV A SIS

afeet § 2] 3k @R 30 2] ko &= #1 S0 9@ HifE)

el {4+ ] WA [ —j 1 Y&IY F@ il

W {437+ 7k 1, WA 77~ § 4 8 W F&T T HIfQ

<uitzn fop T gy Fefafaa &9 wfkel § 9 yois @ 9w €,
%(25+3}+61€), %(3?—6}+2l€), %(6f+2}—3l€)

Ig ot quiey fF 3 Ofke WER T W & e@q 2

afz (@ b) (@ b) 8¥R|d| 8|b| B @ |G| W |b| T R

(3G —5b)- (23 + 7b) ™1 HM FM@ it

< wieell @ IR b o qRET T IS, 9% 3ok IRET §9H € R g4 o §=
wﬁm60°%amwaﬁww%%l

I Tk A AR @, & AU (F-a)-(F+ad)=12 ' @ |¥|J@ S
Aea 2 2] 3k, b i 2] kARNE 3 jsEwEREfE a+ab,<C
W oS 2, @ A T A HIS
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14.

16.
17.

18.
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<witey o <1 YR Wil @ R b & ¢ |d|b+|b|d, |d|b—|b|a ™ @ 2
g G a 0 AR G b 0, 9K j o an | o1 ey TehTen S Hehal 22

—

A& d,b, ¢ T ARV T IR S G4b+c=0 G-b+b-¢+-aH AA
1 shifeq)

€ G O s b 0, 99 4 b 0 Ry [TAH & TF e AavaE: AL 2|
Tk 3SR 5N 39 3T I e Hife)

Tfg ferelt BS99 ABC & 3fid A, B, C%991: (1,2, 3), (-1, 0,0),(0,1,2) €
Z/ABC 31 ®IfSUl [ZABC, |f&sli BA Td BC o =l @1 v ]

Teitzy fom fag AL, 2, 7), B(2, 6, 3) 3Tk C(3, 10, -1) W@ R

wofe foF wfew 20 J k, @ 3) Sk 3IR3 4] 4k uw wmew B %
el w1 T e 2

I I WEY G w1 URA ‘@’ B SR )\ Uk Y Ay € A Ag Uk W
afewr € afg

(A) =1 B) A=-1 (C) a=|r| (D) a=1/\|

10.6.3 E} Fﬁ?ﬁ' il '\’-77%'\97 TUTT®cT [Vector (or cross) product of two vectors]

IR==R 10.2 H 7 f-fava 3feomed! awenifores feene wgfa =t ==t =1 off 3§
Tgid W eFIcHe x-3187 ! STHTEd S[HTRT HATCHe -3 I 19l STl & dl GHTeHeh
-1 1 faen o ue <feroned! (wmiforeR) o ewTa € St @ [3meRfa 10.22(1)]

Teh Sfoned e Tgid § Sa ¢ 819 i STl hi e cHeh x-3187 i fawm

T Y AT y-3187 K WF heact [hal Sl 2 d SFRT AT z-3187 Rl 31R Hehd haal
[3TeRTd 10.22 (ii)] 1
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T YW WG @ TN b, 1 WG RS G xb 9 A >
e foren a1 @ 3 Gxp = |a@||b|sin® A o &9 H gRwfea
o ST @ S8 0, G 3 b oF o= 1 HIU 2 X 0<O <7 B 0
T2l A W wRE § S AR g siRh S W a3 @

T YFR G,b W 4 T Sewmed ugfa i ffda wd € emesfa 10.23
(3meRfa 10.23) 1iq 3faomed! 9gfa &+ G 9 b I WH IIH W IR 7 HI o o
<! B
a5 0 tearp 0, a9 0w T8l € o1k 3 feufa § 89 G xb = 0 qRwfa
F 2
1}?,;'I"JT:
1. d@ b uw ke 2
2. WF VT @ SR b T YRR Wy € @@ dxb=0 AR AR SHaw IR
d R b F gHY % WHiaR (el W) € e
ixb =0<alb
fafemed: axa=0 3R Gx(-a)=0, Fw vem fufa § 6 =0 on i
ferfa ® 0 = n, foed <A & feafadl & sin@ 1 79 3= @ < 2l

3. a&ezg?ﬁ axb=|d|b|

>

4. Yeror 2 3R 3 o Wl § WER oieEq e dfkel [, joaik £
foq (amerfa 10.24), 89 o B T
ixi=jxj=kxk=0 » 2
{X}:lé, jxlg:f, lgxf:j
5. e UAEE F HeEd § < WY a AW b % W= 1 oy SE 10.24
o frfafed 9 o 9w ar €

Sy

_|axb|
la|b]|
6. TE HAT T T oF WiGR RS FHH AT T8l e & Wik axb = —bxd

IR | dxb =|d||b|sin®n, & G, b AR A T E0mEd T5ia i A w

sin®

3
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g wdfq 0, GWp B WE TS ®HH el T A 10.25(i) weh
bxd=|d|b|sin®n,, & b, a3 f, TF SEOTEE Ggfa w1 ffHT wd E
Aufd 0,b ¥ G ! AN Th1F A BT € AR 10.25(ii) |

n

g 0
- >
A
a ;) a n, ;)
(@ 3TMRTa 10.25 (ii)

;A eH e WA R TR G R D I ww I I H A W E @ A AR A
T TS o qel W dd BT W A BN W S0 ] O G 8 SR S
G =t W K B S A = -a

39 YR Gxb =|d| b |sin6n

— — ||| |sin®h, =—bxa
. YeIuT 4 3R 6 o §ed o
il ok ok idERI kg%
. AfE @SR b B w werd wenet # fEhd W § d e w0 g wa
x5 |% w4 v g ¢
TS oF &%el h! IRWMT o IHR TH STH[ 10.26 7

0
@qﬁ%’%ﬁﬂaABcwwzéAB co.* b 7 B
. - 3R 10.26
W AB=|b| (R 3T ?) 3R CD = |d|sin®
a7 B ABC 1 A = 2B alsin0 la b
. AR G 3R b wHi FqS Y o gt 1 P S € S TS @5
SFA |Gxb| o ®9 H W F 2
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aepfa 1027 ¥ &0 Id € fF 9@ D C
Tg¥s ABCD 1 &3%d = AB. DE.

) - A
uTq AB=|b| (Femn g #), sitx O
DE =|d|sin6 31qa: 0

. A E — B
AR Iqgs ABCD &1 &5%d = b

3Rt 10.27

|b||d|sin® |d b
319 B Wi YUATA ok & Hecaqul U ki AR |

P OARA 1 AMTRA R faawer =W (Distributivity of vector product
over addition) af& g, b &x ¢ A TRk € MR A TH ey T @

¢

Qy

() ax(b+é)=d b
@ @ by=(a b a (b
TH ST WS G o b oUed T W WA ayf +ay) +ask S pf by ) +bik

A A

i J k
f&U gu € a9 ST WKW PHARA Gxp = @ @, @) SN KA S Feha B
bl b2 b3

;
ki
:

= (af +a,] +ak)x (bi +b, ] +bk)

Qy
X
Sy

ab (i x 1)+ ab, (i x J)+aby (i x k) +a,b, (] x1)

+ ayb, (jx J)+ah;(jxk)

+ ayby(k x 1)+ asb, (k x ])+ asby (k x k) (ToTEH 1 W)
= a,b, (i x })—a1b3(lgxf)—a2b1(f><})

+ a2b3(}'><12)+a3b1(12><f)—a3b2(}'><12)
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(it 0 j j k k 03R{ k ki) i 0 j Rk J ] k)
= albzlg —ab,j - azbllg +aybyi +a;b, ] — a;byi
(i [ ok, ok LRk D))

= (a,b; - a3b2)f —(a,b; - a3bl)} +(a,b, — azbl)lg

afs a 2f j 3k @R b 3 5 2k,qi|a b| @ HifeQ

W

i
ixb =12 1
3 5 =2
= [(-2-15)—(-4-9)j+(10-3)k =17 +13]+ 7k

W@ B = 17?37 + (7 =507
kel (@+b) X (@ b) § ¥ Yc® o oldeq HEE GREY FE@

-

RIS SRl G=i+j+k, b=i+2]+3k 2l
Ui g b 20 3) 4kdRa b 2%
Tk WEE, S G b3ARG b I W e 7, fefatEd gu wed @

i ]k
@G+b)x(d—b)=[2 3 4| 2 4] 2k ( & mATT)

0 1 2
CE| ¢l = Ja+16+4=24=2V6
3Tq: 31 O wiew

¢ -1, 2. 1
— = —=i+—=j-—=k 2
¢l o Jeo e
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fordll 9ot WS wimeq RO e €1 8/: ¢ b iR G b T SH wee

2 4 1
HEh WS —=1 '

NN AN

k BT WY TE (G-b)x(d+b) 1 TH UROI 2

FETET0T 24 Weh IS o1 &9%al 9 siteg fSrees oY &g A(1, 1, 1), B(1, 2, 3)
R C(2,3,1) Bl

o em ud ¢ f& AB j 2k 3R AC [ 2. fiu guw fyyw 1 &uwa

] — —

—|ABxAC]| @

2
ik

GG ABxAC =0 1 2[=—4i+2j-k
1 20

B |ABxAC| = J16+4+1=+21

a1d: e g5ea %\/i%

SETETUT 25 39 TR IS 1 S T HI R W W @ 37 ) 4k
Iy ;o kEw SR

7ol et IR wgHS # Fa 9] G R b ® A SEHR WA |Gxb | 5N
U B 2

>

=50 + ] —4k

Q
X
Sy
I
_— 9 e
)
—_ A

a
X
S

Il

J25+1+16 =42
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afs a i 7j 7kER b 3 2] 2kd|a b T BIE

WR® G b dRa b o fKen H o wikw 99 RIS SR G 3 2] 2%k
R p 7 2] 2k R

If% T gEF G a,{&wag,jéwazaﬁ?lé&wa@?ﬁwe
T 2l O T A Tid I 3R TR W W g ok ek ot A whifery)
Tyfeu foF (G -b)x(d+b) = 2(dxb)

A SR T I, Al (20 +6]+27k)x (0 +Aj +uk) =0

fmgmefra b 03WRaxh=0.9 a 3R b & IR a9 57 faehd
fehTel Wehd €2

A A WG G, b, ¢ FR: @i +ay ) +ask, bi +b,j+bik, cf +¢y]+csk
w9 § U g0 ¢ 7 TRIEU o dx (b +&)=dxb+ax¢

aa 0wdb 0 a9 dxb =0 g1 21 1 faei™ 91 87 Seredv died a1

IW i gfte hifsy)

e 1Y o e T ity ftEes 3 A(1, 1,2), B(2,3,5) 3R C(1, 5, 5) B
Tk HHIAR =Sl o1 £Rhel 1 SHiToIy, FSTeent i g |ieel d =i — ) +3k 3R
b=2i-7]+k g fwifa €

M fifee wfker G 3iRb =0 yeR € % || 3R |b| g,aa dxb Th

U |y § At G 3Rb & o= F B0 B
(A) /6 (B) m/4 (C) /3 (D) n/2
T 394 @ H A, B, C 31 D foer fearfq wfesr o

A~ 1A N A A A " A " N A A
—i+§j+4k,i+5j+4k,i—%j+4k ﬁt_i—%j+4k,%w PRI

1
(A) 5 (B) 1

©) 2 (D) 4
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fafaer 3ergvor
IEEI0126 XY-ad #§ g4t Amehr gy fafau

e WM Wit o F=xity, XY-aa § Uk A WiKw € (3R 10.28)1
M o STEN &H I 2 T x=cos O 3 y=sin O (FIfF |F|=1). HT &x FWEw
P,

7(=OP) = cosBi +sind;j (1)
% ®Y § for@ ghd 2l
e |7 | = {Jcos?0 +sin?0 =1

P(cos6, sin0)

% A
: OP’ = cosO1
0 Ay —> A

L >X P'P=sin0J

3TTeRfa 10.28

S-S 6, 0 W 2, 9 Rafdd gar @ g P (pfa 10.28) arred fKem & 94
X2+ y? =1 o1 @1 T & 3R 3o wft Henrfaa feend wiwfed €1 em@: (1) 9 XY-
ad H Yo W Wiy Ww el 2|

atetor 27 A faged A, B, C 3R D, o feufq afkw wwwr: § j &, 27 57,

30 2] 3kaRi 6] k ¥, W @ie ABTHN CD %k it T HI0T Fd HifS
e iy 75 AB #iR CD 9@ 2l

Te e HIfm A 0, AB iR CD, & &= 1 ®10 & @ 9, AB 3R CD 3 g &1
oFf =iv7 )

SC| AB = B feufa @fqwr — A w1 feafa wfe
= Q2 +5)-((+j+k)=i+4]—k
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Bl |AB| = \J(1)2 +(4)2 + (-1)* =342
Tt R CD = 2f 8] 2k 3R|CD| 642

AB.CD
Ad: cosezm

B 1(=2) +4(-8) +(-=1)(2) 36
o GY26v2) 36

ek 0< 0 < 7, S99 U &1 € foF 6 =71, 7€ qwifar ® R AB @9l CD U g
& W@ R

=1

farreqa: AB %@,w@wm%@ #k Cp W | 2

TH A G,b R ¢ A AR W IER € T |d=3,|b =4, ¢ =5
3R T @ yeW, I <« W@ % AThA W oieed & |G+b+¢| T FHIT

g me® a-b+6)=0,b (¢ @ 0,6 @ b) 0
3 G+b+éff=@ b &) (@ b 0
—G-d+d-(b+&)+b-b+b-(@+7)

+ c(@+b)+cd

SR |a+

a(G+b+2) =0
375 G-G+d-b+id-c =0
e a-b+a-¢ =l =-1 (1
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- d-b+b-c=-|p[ =16 ()
Tt YR G-¢+b-¢ =—4 .. 3)
(1), (2) 3R (3) ! Sed W &Y 99 2
2(d@-b+b-¢+a-¢) =—21
21

a 2}12721,16.,},1,:7

IS TR oo HBeh WG, j 3R k, I SEIOTEH! J5id o WU
T3 g, T 2 ek @ pwm T T, )% w9 H sifverm wie SRl
T% W@ T SR ,, T % @aed el

1

T\ oAt i, 7, U oW € sl B =3 -
I B,=B-P, = (2-30)i +(1+1)] -3k
FifeR L. e Rl B, =0
e 3(2-30)—(1+1) =0
el A=+

2
L 3. 1, L, 3, -
NI B=51—5/ Sy Bz=5l+51—3k

XY-Ta |, x-3181 1 &FcHe {30 & Y amred f$80 § 30° 1 {0 S arell
ek Higel fafem|
ﬁgP(x],yl,zl)ﬁTQ(xz,yz,zz)ﬁﬁﬂﬁmﬁw&mmﬁ?w
1 i)

Tk @igeh! Uf¥=M R ¥ 4 km word! 21 STk 9YEN 98 S 30° q¥=H &1
o o 3 km =erd! © SIX Tk ST €1 TR o YRI9eh fag 9§ wigen! 1 fageme
M TS|

A G=h+¢, @ FM AL AR H |a| |b| |E|? W ST H! e By
x &1 98 AH T FI SF AT o + k) T T R 2
afeei G 2f 3j kK @b i 2) k o UROMH % HE® T TE EiEw
T HIfT FEeRT TR 5 5 2
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ARG § ok, b 20 j 3k AR & 2] k., 2d- b+3¢H
HHIGX Teh HEeh |l S shitad|

Toitz o fog A(1,-2,-8), B(5,0,-2) 3R C(11,3,7) W@ ? 3R BER AC
% Ta9ISIa 3 e ST F1d il

QA faga P (26 b) 3R Q(d —3b) ! THAR aeft Y@ =1 1:2 % ¥ | <l

faarfsa & a1t fog R w1 fefa wfker 9@ ®iNw) o off ez 6 fag P
@rEs RQ &1 Heq fag 2

T THR AU F Herd g9 27 4F sk alR 2 3k € eHes fawi
AT Teh HIFeh WG] A1d hifeldl SHehT &%ha o M hiferg)

TP fF OX, OY W& OZ & oF 1 ek ek gU Afesl i fep-hiamd

.1 1 1
Wf’f’ﬁ 2l
AT G [ 4] 2k, b 3 2] 7k WG 20§ 4k.U umafwm
d 9 RS G 3R b I WA @ $RE-d =15
TR {4 j 4k B, AR 27 1455k 3R A +2]+3k & Avwa wt fen
e WIEST o Q1Y ARY [UARS | o SREX € @l Rl HIF A it
A G, b, ¢ HHF YR STel TER weed WieeT € ql 9iEe o WS G+ b+ @
afeel &, b e ¢ oh WY SR R g3 2
fag FINT & (G +b) (@+b)=|al +|b[*, 3R 3R @t 4k &, b weaq
Te R g3 2 % G20,b #0

169 19Tk o Y H WEl I hl =49 o]
Ifg < Wil G SR b o o= w VOB A G.5 >0 B AR:

(A) 0<9<§ (B) 0gegg
(€) 0<0<x (D) 0<B<m

A T G 3R b < TR 9RY © SR 3% o" % FI 0 @ d+b TH
e Giew € A

A) =" _n C) =" _2n
()94 (]3)93 ()92 (D)O3
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FGxk)+ .G xk)+k(x]) w1 Am &
(A) 0 (B) -1 ©) 1 (D) 3
afk < Wikl G SR b S F R OF W (G-b |=|dxb| T 0 TR 2:

T T
(A) 0 B) 5 © 3 (D) =

& g P(x, y, 7) B Feofa SR OP(=7)=xi + )]+ 26 © IR ofmm

NI |
Tk TfEeT & AR Tk gHoh f{eh-3TUI et € iR AT 31el o Ty
THh 98T ! Frefd S )

Teh 4w sh1 qREm (r),ﬁ%“—?:ﬂqm a, b,cﬁ? ﬁ?—mﬁﬁ (I, m, n)
frefafad &9 o gafud €:

a b c
l=—, m=—, n=—
r r r

5I9St 1 A qonsti ® HH T o W SRl WIS 9 (2l

T He-SNH WiEw w1 AN Tk UH WHia wges o foehol 9§ W e @
et Hord gt i gu wfew 2

ek AR =1 A9 A 9 TUH ek TfAmr &1 || %6 7O § qRafdd & a1

? 3R A HA U AU RUNHF B o STTEN SHHT &0 & q9H
e faudia W@ 2l

—

fau gu Wiy G & U Ry d=— | G fen © W wiEw 2

H
fagatl P 3l Q forer R wiew w9w: G aiwp 2, &1 fer ol Y@ =i
0 ST A faeie e A g R @ Ref aRe () "0 s,

m+n

mb —na

oS W (ii) el a9 W, % w9 § 9 gl 2

m-—-n
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T Afeet gaiRp o 9 HT KT 6T A STRT ARY OB
G-b=|d|b|cosd T H W B T AR g.p XA g T @ Wi

a-b

G3iRp ok &= H B O, COSG:IEIIEI Y 9w Biel 2

Ife < W g 3R p o &= 1 B OB A SR WEY TUAH
dxb=|d|b|sin6Ah 9§ U< eI1 B1 SEI A Th QAT T HGW g
G R b Afefad &9 a9 9d % oded € qO1 g, b iR A SfRomed
TreIfe e ugfa =t ffifa ww 2

IR G=ai+a,j+ak T b=bi+b,]j+bk 3R Th aAw T @

i+b = (q +b1)f+(a2 +b2)}+(“3 +b3)]€

(Aa))i + (hay) ]+ (hay )k

rd =
db = ab +ab, + a;b;
i J k
A dxb = a b ¢
a, b, ¢,

TGS 168 o1 U= i W01 o Ueh 9% oeed (vectus) § g1 € foreren
oo ? TR R ST Wfkw fagid & yoig foer & fafa w9 1800 <k
MW | Sl ®, S& Caspar Wessel (1745-1818 €.) 3T Jean Robert
Argand (1768-1822%.) % & =1 =1 auiq fhan f we fidenss a@ # fordlt foe
@EE # WAl § U G & g + ib 1 SArHdra 1ef = 9 faan
S Wehdll €1 Weh ST Urst, William Rowen Hamilton (1805-1865 %) 3at
I, "Lectures on Quaternions" (1853 3.) ® TS t@m@s o foau wfcer 1 &1
TN W g TRl ol =gl (quaternians) [F8 Ffv=a sisia i @1

e % €€ a bi c) dk, i, j,k o ®9 9 =R e G@S 6
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== 1 Bfeed fafy afe o1 B-fardia sfafter o qon & ) w9En %1 @
T 91 JUIY 89 J2 36 oI o1 TSk 27e9d it foh Wiy &1 Gehedq 31 37
AR 1 foaR 98- Al 98 9 Plato (384-322 391 980) & Teh e wal AN
TRMF el SR Aristotle (427-348 $61 I8) % &Ial § €1 o1l 39 99 9
STHeRRI 1 Thedd off foh |1 e1e@n 3ifeh actl St |gaa fohal 3! Tmiak =gy
o TMITER 91T S R 9 1 ST Gehdl @1 ol o HaieH 1 98w, fe
Tl w1 AT WK w9 § foman S Gkl €, %1 @ISt Sterin Simon(1548-1620%.) g1
aaaqa&ﬁ =t frfa 5 =t TR 1 1586 T 38 3Tt Sﬁﬂw, "DeBeghinselen
der Weeghconst" (a9 &< i shell o T9GId) W dal oh ANTHA o SANHAE
THEIa o1 foweroo foha o TSreeh SRRl AlIeht oF foehrd § Weh T&d giadd gall
Y 9k A% ot WS w1 AE Hehedwn o fmior § 200 99 @ MU

T 1880 ¥ U AR Gifasws IS us Tforas Josaih Willard Gibbs
(1839-1903 €) 3R Wk US A= Oliver Heaviside (1850-1925 E) 7 Tk
T o arkdtaeh (ARET) 9T 1 wIeuh (ARKE) 9§ YUF Hd gU Hikw
ToreiooT 1 gei fohal o1l | 1881 3T 1884 H Gibbs 7 "Entitled Element of
Vector Analysis" ¥He% Teh IR gﬁ?m IR | 39 &< T |fesn &1 Teh shHdG
wa wiege foerer fean gan on aunfy |isen o SAquA 1 &9 6 i hifd
D. Heaviside 3 P.G. Tait (1831-1901 £.) %! 9w @ fS=i1 30 fove ok fog wefes
IR feam 2l
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fd&foeh T; e fr

(Three Dimensional Geometry)

o The moving power of mathematical invention is not
reasoning but imagination. — A DEMORGAN <

11.1 Hée d k (Introduction)

d{kXle]o'yf'd T;Kefr dkvt;;udijr | e; fj&foeh
v § f¥&foeh fo"k koQifjp; e geu lo; dko@y dkh
fof/ rd | her j[kgAbl ilrd oQfiNy vi k e geus
I fn”kd hey | dYiukw kd kv t;;u fd; kgAvc ge | fn’ ke
oQch xf.k d kfd&foeh T, Kefr e mi; k djxAfd&foeh
T, Kefr e bl mike dkmnn’; g fd ;g bl oQv L ;u dis
VRr Ijy ,o | #fpi.k (Il xkg;) cuknrkgA*

bl vk k e ge nkfenvkdk feylw olyh j[kKk oQ
fnd &d KI; k o fno@v uik dk vk ;u djx vk fofHW
fLFKr; ke vrfi{ke j[kw kvl rykoQl endj. i nkj[ kv K
nk ryk o ,d jlkvk ,d ry oQchp dk dkHK niks
fo'leryh j[ Kk koQchp Yure njho ,d ry dh,d fenqg

I njhoQfo"k e Hhfophk foe' kdjxAmijkor ifj.keke | s Leonhard Euler
vi/ dKkifij.kekd kl fn’koQ: i e iKr djr gArPRKi ge (1707-1783)
bud kdkh :i e Hhvuok djx t kdky kj e fLFkr d kLi "V T, Kerh, v K fo’'y "k kked

fpkkilrr dj | oQXIKA

11.2 j[Kk oQfno@d K ku v § fnoGv ui k (Direction Cosines and Direction
Ratios of a Line)

vik 10 e] Lej.kdht,] fd ey fcn | xt ju onhIfn’kj[IkL}ka,yvl»;’Z—V{Re
oQl Kk e’kOL]BvI;'Ycuk x, dkkfno@d kkdgyk g rc budkkdhdHK bu uler%
cosa, cosP v § cosyj[ k L oQfno@d K ku ( direction cosinesor dc's) d gy kh g&

*  For various activitiesin three dimensional geometry, one may refer to the Book
“AHand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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;fn ge L dhfn kfoijh dj nr g rkfno@d kK viulijdke v Fh TC-O.,TE-BVK
T-Y1 cny tk gAbl idK] fno@&dHK bu oQfp cny tk gA

2

M

4
N F :
e | '
: £ S
. T R
: 1 o
S FATH S
) >
1 iy .

X
v koGr 11-1

L wonht ;] vrfi{ke nhxb j[ kd knkfoijh fn’ kv ke c<kl dr g vk bl fy, bl oQ
fno@&d K bu oQnkl eg gAbl fy, vrfi{fke Kk j[koQfy, fno@&dHK bbu oQv f}rh
Il eg oQfy,] ge Kk j[kdk,d | fn"kj[Kyuk pKg, Abu viflrh fno@&dHK lbu dis
I,mvk noQllkfufn"vid, tk gA
fVli . kh vrfij{ke nhxb j[K;fn ey fcn | ughxtjrhg rkbl d hfno&dK lbu d kKk
dju oQfy,] ge ey fcnl nhxb j[ KkoQl ekj ,d j[Kk[Kpr gAvc ey fcn | bues
I ,d I fnnkj[koQfno@v uik Kk djr g D;Kd nkl ekj j[ kw koQfno@&v uikkoQ
leg | eku (ogh gk gA

,d j[KkoQfno@dH bu oQl elikh | [;Wkdkj[koQfno®v uik (direction
ratios or dr’s)d gr gA;fn ,d j[ koQfno@d K u [,m,no fno@v uik a,b,cgkrc
fdlh'/irj e RoQty, a=M, b=Am v c=M

WET VI k| oW y[l fno@v uikkdk fno&l [;k Hhdgr gA

el yHt, ,d j[KkoQfno@v uik a,b,cvl j[kdhfno@dHK bu [, m,ngArc

n
—=— =—=k (e ytt,), k. d vpj gA
C
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bl fy , I=ak,m=>bk,n=ck ... (1)
ijrq P+m*+n*=1
bl fy , P@+b*+ch)=1
k=T !

Kk = =

1/612+b2+6‘2
V% (1) | ]j[kdhfno@dH tu (d.c.ii)

b c

Z:

* 212 z,m:i 2 12 2’}7:i 2 .12, 2

Ja +b° +c Ja +b°+c Ja +b°+c
fdl h j[ Kk oQfy, ;fn j[KkoQfno@vuik e’ W &, b,cg] rkka, kb,ke, k+ 0 ho
fno&v uikkdk,d | eg gAbl fy, ,d j[ koQfno@v uikkoQnkl eg Hhl elii khgkA
vri%fdl h,d jlkoQfno&vuikkoQvI[; | eg gk gA

11.2.1 j[ k& d hfno@d K ku e | ca (Relation between the direction cosines
of a line)

el yHt, fd ,d j[kRSdhfo@d K u I, m,ngAey
fcn | nhxb j[koQl ekj ,d j[K[Kip, vK bl ij,d
fcn P(x, y, 2) ynt , A P1 x-vi{kij yc PA [kip,
(vio@Q 11-2) A

;ftn OP=r.rk COSO=—— =— _ft | | X=/rilr gkkgA . @
bl hid y=mrvk z=nr.

bl fy , P+y+2=r@F+m*+nd)

iirq X+y +2=r v koGr 11-2
V% P+rm+n=1

11.2.2 nkfenv kd kfey ku oky hj[kd hfno @&d K ku (Direction cosinesof a line
passing through two points)
D; Kd nkfn, flcnvkl gldj tk olwh j[kKkvIfirh gkh gAbl fy, nkfn, x, fenvla
P(xl,yl,zl)vrg Q(xz,y2,22)| xtju ol hj[K dhfno®dHK bu dkfuEu idk | Kk
dj ldr g (vioQGr 11-3(a)A
el yht, fd j[kPQdhfno@d K u /,m,ng vk ;g X, Vv Z-v {koQl Kkd kk
e’l%(x,ﬁ,}/cukth
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eku yhit, Pvis Qlsyc [Hip, tisXY-ry disRrAkSij feyr gaAP1 ,d
vU ya [kKip, tkQSdkNij feyrkgAvec | edkkftdg PNQ e ZPQN =y
(vioar 11.3(b))bi fy,

A P
(3
Ty §fﬁﬁ
ay .y
- L. A0
e R o
X ) X 1]
v koG@r 11-3
NQ z,-z
COSYy = —— = ———
PQ PQ
X, — X, -
bl hidk coso, = —=—=L v i COSl3=sz—le

vidkfenv k P(x, ¥, z) rik Q(x,,¥,,2) dkt Mu oly jIK M PQ fd fno@d K ku

X,=X =W Z7%4
9

PQ PQ ' PQ

gA

t gk PQ= \/(’% _xl)z +(, _y1)2 +(22 _21)2

Vi ki fenv k P(x, ¥, 2) rAk Q(x, 1,,2) dkt Mu oly j[ K WM 0Qfno@v uik fuEu
id§ | fy, tkldr gA

xzﬁixl’ yzﬁéjl’ Zzﬁtl’ PkoX &'Ixz’ Y ﬁbjz’ Z *ﬁzz

mnkgj. kl ;fn,d j[ KX, VrPkz-v {kdh/ uked fn' koQl Kk e’ ks 90° 60°rFk30°
dkdkkcukhg rkfno@&dHK bu Kk dHht, A
o o 1
gy el yht, j[kdhfrno@&dH u l,m,ngArc [=c0s90°=0, m =cos 60 :5,
B

n =cos30°=
2
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mnkgj. k2 ;fn,d j[koQfno@v uik 2] &1] &2 g rkbl d hfnoGd K tu Kk d Ht , A

gy fno@&dHK kbu fuBuor g8

2 1 2
2 D (2 P D (2P 22 (1) +(2)
2 -1 2
v Fhe ~ - —
373 3

mnigj. k3 nkfenv k (BR,4, #5) v (1,2,3)dkfeylu ok hj[ kd h fnoGd H tu Kk
dht, A

gy ge thr g fd nk flcnka(xl,yl,Zl)vH Q(x2,y2,22)dkfeylu olyhj[k dh
fno@&d K kbu

XYoo= X% W=V 2z, 7
b b

PQ  PQ PQ
ol t ok PQ=(x, - x) + (- 1) +(z, - 2,)’
cgkP v Q eke (B2, 4,885)v 4 (1,2,3)gA
oL PQ= (1 (-2)" + (2-4) + B—(-5) =77
bl fy, nk fenvkdkfeyh ok h j[kdh fnoGd H tu g%

3 -2 8

NN N
mnkgj. kd X,V vk Z-v {kdhfno@d K bu Kk dHt, A
gy X-v{k e ke X,yvk zv {koQl ¥k0°90°v § 90°0Qd kkcukk gAbl fy, X-v {k
d hfno@&d K u cos0° ¢co0s90° cos90°v Fke 1,0,0gA
bl hidK ¥-v{k vk Z-v{kdhfno@&d Kk bu e ® 0,1,0vk 0,0,1gA
mnlgj. kSn ko, fd fion A(2,3,88),B(1, #R,3)vi C3, 8, Bl1)I j[kgA
gy Avk Bdkfeyl olyh j[koQfnoGv uik
112, 248, 3+4v me 18,885,794
Bvk Cdkfeyl ohj[koQfnoav uik 31,8 +2, 1 #B, v me;2, 10, #H4 ga

Li"vg fd ABvik BCoQfno@v uik | enikh gAvr%ABv K BCl ekj gAijrq
ABvi BCnwke BmHsfu'B gAvr%A,B,vi Cljlkfcn gA



i ’uboy h 11-1

1. ;fn,d j[kX,Yv K Z-v {koQl Kk e’ ks90° 135°45°0Qd kkcukhg rkbl dh
fno@&d K bbu Kk dHt, A

. ,d jlkdhfno@dHK bbu Kk dHt, tkfunkKkoQl Kkl elu dkk cukhgA

. nHb, fd fen (2,3,4), (80, 82,1),(5,8,7)1 jkgA

. ,d f=kk dh HKk w k d h fno@&d K bbu Kk dHht, ;fn fHk o0Q ' K'K fcnqg

(3,5, B&), (#1, 1, 2) v k (35, 55, 12) g8

1M3vrfij{ke j[kd kIl eh j.k (Equation of a Line in Space)

2
3. ;fn,d j[KkoQfno@Gv uik 8,12, 8, g rkbl d hfno@d K tou D; k g\
4
5

d{k Xl e fya&foeh ry e j[hw kdkvi;;udjuoQi'pk vc ge vrfi{ke ,d j[K
0oQl fnkrFk dkh | ehdj.kdkKk djxA

,d j[Kkvfirhr%fu/ Kir gkhg] ;fn

@) ;9 fn, flcn | nhxb fn Kkl gkj tkhg] ;k

(i) ;g nkfn, x, fcnvkl gidj t khgA

11.3.1 tn, x, fcn Al t ku oky hrFkkin, x, I fn’k 7 oQl ek j j[kKd kl ehd j.k

(Equation of a line through a given point A and parallel to a given vector )
K

Il ed K.ld fun'Kkfudk oQey flcn O oqQl K {k ﬁ "
T
el y Ht , fd fk:nAdefn’kZigAeluyHt,fd - Pl
- A ___—:.1"'-_'_
fcn Al t olwhrPkfn, x, | fn'k p oQl ekj ey
" -~
il [gAelw yrt, fd [ij fLFk fd | h LoPN fcng * ,,-;"’;_1-}
PdkfLFér | fn'k 7 g (vioQr 11-4) A e v
. - - 0 ’
rc AP 1 fn' kb oQl ekj g v Fke~AP=Ab, t gk /
A, d oKrfod I [:kgA %
v koGr 11-4
ijrg AP = OP DA
v FRe ~ Ab = F—a

foyler%ilpy AoQiBRd el oQfy, ;g lehdj.kj[koQfdl hfcn PdhfLFér ink
djrkgAvr%jlkdkl fnkl ehdj. kg%

F=da+ib (1)
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fVli . kh ; fn [;:alj-i-bjj-i-ckjg rkj[ KkoQfno Qv uik a,b,Cg vk foyler%;fn ,d j[ k

0Qfno Gv uigit a,b,Cgle'ksE:alj-i-b]JJ,-ckjj[ koQl ekj gkiA; gkb d KID 1y eskt k A
Ifn°k:i | dkk :i GRUW djuk(Derivation of Cartesian Formfrom Vector
Form)

el yht, fd fn, fieng A oQ fun’ kd (xl,yl, Zl)g VK j[k dh fno&d K ku
a,b,cg el yrt, tdl hfcn P oQfun' kd (x, ¥, 2) gArc

O I | kj'*— 1 1 }g
F=xi+y+zksa=x1+y ]+ 2z
v l;=alJ+bJJ+ckJ

11 ch
bu elukd k (1) e ifrLFkir djoQl, J vk k,oQx.kdkdhryukdiju ij ge iks
g fd
x=x+A; y=y +Ab;, z=2z+ A - (2)
ik oQilpy Il endj.kgA(2) | iy defoyk’u dju ij] ge ik g%
X=X Y- Z—13
= = ...(3)
a b c
;9 j[kdkdkh | edj.kgA

fVIi . kh ;fn j[kdhfno@dH lbu I, m,ng] rkj[kdkl ehdj.k

X— X Y-y _z-z
= = gA
[ m n

mnkgj. k6 ficn (5,2, ) | tKJowhrFu(|fn'k3lj+2JJ—8kJoQ|ekjj[|«dk|fn'k
rPkdkh | ehdj.kdkKk dHt,A
gy ge Kk g] fd

a=s5t2advy b=3ti2] 87
bl fy,] j[kdkl fn'kl eldj. kg%

F=steof—afen3te2 -8B g
pfd j[kij fLFk fd 1 hfcn P(x, ),2)dhfLFkr | fn’ k # g] bl fy,

sty Jez R = staade 32 fog B

= 5+30)i+Q2+20) J+(=4-8\) K
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Adkfoyku dju ij ge ik g fd

X=5 y-2 z+4

3 2 -8

tkj[koQl emdj.kdkdkh :i gA

11.3.2 nkfn, x, fenv kl t ku oky hj[ kd kI ehd j. k (Equation ofa line passing
through two given points)
el yHt, ,d j[kij fLFk nkficnv kA(xl,yl,zl)v K B(xz,yz,zz), oQfLFKr | fn'k e’ Kb

Gvk bg (viear 11.5)A
elu y ht , ¥ ,d LoPN fcn P dk fLFKr

lfnk gArc P jlkij g ;fn v oy ;fn L"'-'.-':F-"!'“._
AP=F-a rﬂkng—ﬁlj[skl fn’ kgAbl fy -"::"“'-
Pijlwij fLFk g ;fn v o@y ;fn -
F—a=nb-a)
K F=a+r(b d),heR ..(1) ¥
tkj[Kkdklfnkl erdj.kgA o " loGr 115
Ifnk: i | dkk :i QRUW djuk
ge ik g fd
-~ 1 1 . i | i | -
r=xI +y]+zkj,a:xll +yl]+ZlkJ,vH b:leJerzJJJrszj

bu elukdk (1) e ifrLAir dju ij ge ik g fd

x;+y}+zl€:x1;+yl_A/'+zll€+7»[(x2—xl);+(y2—yl)}+(22—zl)l}]
1 Jé S .
1 7, oQx.Kdkdhryukdju ij ge ik g fd
x:x1+?»(xszﬁxl);y:yl+k(yszﬂyl);Z:zl+7»(22 7fﬁzl)

Adk foyku dju ij ge ik g fd

X=X _ Y-y _z-z
X=X V2=V 22—
tkj[koQlemnj.kdkdkh :i gA
mikgj. k7 fienv k(BE,0,2) vk (3,4,6)1 gidj t i olwhj[kdkl fn ki ehdj.kKk

dHt, A

gy el yHt, dvk b fenv kK AGREL0,2)v 5 B(3,4,6)0QiLlfkr | fn kgA
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re c_i:—lj-l-ZkJ
v 5:3IJ+ 4JJ+6kJ
bl fy , 5—5:4zj+ 4]J+4kj

elu yHt, fd j[Kij fLRc fd 1 h LoPN fcn PdkfLFér | fn'k 7 gAv r%j[ kd k
I fn’ k| ehd .k

Fe— 2R n@is 47 ad)
x+3 y-5 z+6
2 4 2

mnkgj. k8 ,d j[kdkdkh | endj.k gAbl j[HKdkl fn’kl ehdj.k

Kk d Ht , A
gy fn, x, |l ehdj.kdkekd : i
X=X Y- zZ—z

a b c
| ryukdjuij ge ik g fd x =8B,y =5z=Hb:a=2,b=4,c=2

bl idK vHIV [ ktcng KB, S5, ®I6)1 gdj tkhg rPkl fn’k211+4jj+2kj 0Q

lekj gA elu yHt, fd j{Kij fLFc fd | hfcn dhfLFkr | fn'k 7 g rkj[ Kkdkl fn' k
lerdj.k

- 1 1
Fe(=3hesi-eB+n @it atvod)
}hkink gA
11.4 nkj[Kv k 0Qek; d k k (Angle between two lines)
el yht, fd lek‘;'SLzey fcn | xtju okyhnkj[ K g ft uoQfno@vuik e’ Ke
al,bl,cviaz,bz,cz,gAiu%ekJ yht,fd L ij ,d fen Prakl ij ,d fen Q gA
vie@ 11-6 e fn, x, | fnkOPvK OQij fopk dHt, Aelw yHt, fd OP v OQ
oQchp Uu dkkBOgAve Lej.kdHt, fd 1 fn'k OP v OQ oQ2vvd e're/oal,bl,
¢, vk a,b,c gAbl fy, muoQchp dkdkk0 7

aa, +bb,+c/c,

Ja? +b +ct a3 +b} +c3

cosO = Jikink gA

iu%nsin ©oQ: i e] j[kWwkoQchp dkdkk
Sin9=,’1—cos2ﬁl inkg$S

2
(aya, +bb,+cc,)

2 .12, 2\(.2..2 .2
(al +b +¢ )(c12+132 +c2)

= |i-

v ko@Gr 11-6
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J(af +b! +c12)(a22 +b) +c; )—(ala2 +bb, +clcz)2
J@+o? v )y (3 +0i+c2)
\/(al b -a b1)2 + (b, = b,¢ )2 +(c,a,— ¢, q )2

= ..(2)
J (a8 + b + ¢} Jaf +b7 +¢3

WFET VI kh| ml fLFKr e tc j[K leh' Lzey fcn | ugh xtjrh g rk ge

L,visL,oQl ekj] ey fcn | xtju olhij[k e ke L' ioL',yr gA;fn j[k e
L vk L oQfmo@v uikkoQct k fno@d K ku nhxb gkt I L oQfy, ll’ml’nIVK

Looafy, L,m,nrk(1) vk (2) fuBufyflk ik i yxA

— _ 2,002 2 1 _ 2, .2 2
cosO=I L +mm, +nnl(0Kkd [7+m +n; =1 =1, +m;+n5) ...(3)

. . _ 2 2 2
vH Sin 0= (1, my ~1,m, ) —(myny —my m)* +(n, 1 =ny 1)) ()
fno@vuik a,b,c vk a,b,c olhijlHki
(1) ycor g] ;fn 6 =90°%v Fke (1) | a1a2+blb2+c1c2=0
.. 4 by ¢
() 1ekj gl ;fn O6=0,vFk (2) | s— =— = —
@ b, Cy
vec ge nkj[ W koQchp dkdkkKk djx ft uoQl endj.kfn, x, gA;fn mu j[ kv la

Fo=a+\b vk F =d+pb, oQctp Uu dkkO gs

o by b2
re cosO = | ==
15| |5
X—X - z—z
dkh :i e ;fn j[ kv Kb R A . ... (1)
a b, G
X—X, y-y, z-2z,
v = = .. (2)
@ b, )

oQctp dkdk kOgStgkjsk (1) o (2) oQfno@vuik e Kb al,bl e 1 Fi
albz,czg re
aa, +b b, +cc,

Jat +b7 + ¢} @ +b} +c3

cos 0 =
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mnigj. k9 fn, x, j[ K&; X
Ao doadondeat 2
v F=stooduate o6

oQet; dkkKk dHt,

gy el yHt, p = zj+2JJ+2kij 1;2 = 3IJ+2]J+6kJ

nluk j[ W koQet; dkkOg] bl fy,

b:xb; (zj+2}+ ij)><(3zj+2}+6kj)
cos 0 = |T==7|=
5|5 J1+4+4.J9+4+36
3+4+12|_Q
3x7 21
19)
() — &f —
V% 0 =cos (217

mnkgj. k10 j[ k&; X% %

x+3 y-1 z+43

3 5 4
x+1 y—-4 z-5
VH = =
1 1 2

oQet; dkkKk dHt,A
gy igyhj[KkoQfno@v uik 3] 514 vk nl jhj[ koQfnoGv uik 1] 1] 2 gA; fn muoQ
chp dkdkkOgkrec

31451+42 16 16 83

N34+ 21412 422 :\/5_0\/825\/5\/ng
83

Vr%v HIV dk k cos® 5 gA
15 F

cos 0 =

11.5 nkj[ kv k 0oQek; UYure njh (Shortest Distance between two lines)
vrfi{fke ;fn nkj[kK ijLij ifrPNn djrhg rkmuoQchp dhUure nih’'lJ gAv§k
vrfi{fke ;fn nkj[ K | ekj g rkmuoQchp dhUure njH muoQchp ycor njhgkh
vFk ,d j[koQ,d fcn | nljhjlkij [Kpk x;kycA
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bl oQv frfjDr v rfj{ke] ,1 hHaj§H i f‘
gkhg tiksu rkifrPNeh vk u ghl ekj
gkrh gA okro e ,1 h j§kvleof ; ¢
vieryh gksg vk byafo'"leryh j[ K j = ;_"_;;Eh% ____l:'
(skew lines) dgrs g® mnigj.k:k ge i “'“I.-{:_H
vio@ 11-7 e X,y v 2z-v{koQv ufn k HH [
e’ Ko1] 3] 2 bdlb oQvidK oly dej ij e ; P *r
fopk djr gA ~A
il % GE Nr oQfod .koQv ufn’kg v K ?{Eﬂf vV koGr 11-7
il DB,Ao@Bh ~ij Nr oQdk Is

xt jrhgb nhok oQfod.koQv ufn"kgA; j[K fo"leryh g D;Kd o | ekj ughg vi

d Hh fey rh Hh ugh gA
I 1 g tk,d jlKkij fLFk

gkrKd bl dhyclk Uure gkA

nkj[ kw koQch Uure njhl gekkv iHik ,d I
,d fcndknl jhj[kij fLFk v U fcn d kfeylu | iKr

Uure njh j[ K ™ nluk fo'leryh j[Hv kij yc ghkid

11.5.1 nkfo"keryh j[kv koQctp d hnjh (Distance between two skew lines)

vec ge j[kw koQchp dhUure njh fukufy f[ k fof/ | s I
Kik djr gAel yht, /v [ nkfoleryh jik g8s __7-——_
ft uoQl end j.k (vio@r 11.8)fuBufy f[k g%

—__ 1}
'|‘--—H_.
F o= al+kb: (D I.' 2
|
v K 1 [; |
K & +ub, - (2) — r.; ;IA—)P .

jLKd ij diofon St dhflPér | in kg v Lij diz v koGr 11-8

=y
Il

fcn T ft 1 d hfLFKr Ifn’kZz2 gl yht , Arc Uure njh
Il fn'kdkifiek R ST dk Uure nfjhdhifn' ke i{k dhek oQl elu ghkk (v uPNn

10.6.2)A
;fn [ v [ oQchp dhUure njhi fn kPQ g rk;g nuk b v b, ijyc gkhA PQ

dhifn Ke bdlblfn’kdbl idk gkhfd

[}
[}

| &
)
P
[O¥]
N

1 o
X |'x

S
j=p
)
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e PQ=d7

tghd,Uure njhl fn kd kifiek k gAelu y Ht , S—’f vk ﬁj oQchp dkdkkeg] rc

PQ = ST Icos 6l
PQ>ST
ijrq cos 0 = —Iﬁllsﬁ;l
d @, - a) .
=7 agst | @K ST=4a-a)
(b, x b,)x@, — a)
= —— 3)oQ}f
STh) ((3) 0148
bl fy, v H'V U ure njh
d=PQ=ST Icos 6l
‘ d= (b ><#bz)><(#52—51) oA
| b x b,l
dkh : i (Cartesian Form)
il K Ke
Xy _ Yoy _z-g
Yoog b, ¢
vl lzzx_xz=y_y2=z_z2

oQchp dhUYure njhg%

J(blcz - bzcl)2 +(qa, —¢q )2 +(ab, - azbl)2
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11.521ekj j[kv koQclp d hnjh (Distance between parallel lines)

; fn nkj[l«ill;fn 12I ekj g rko Il eryh gkh gAeluknhxb j[K e’ Ko

F=a +Ab (1)
v F=ad +pnb 1)
gl tgk/ ijfen SdkfLFér | fnka vk /ijfen T ;E?-,
— T = .
dkfLFEr | fn'k d, g (viea@r 11.9)
D;d [, v Lieryn gAsfnfen T1 [ ij
My x, yc dkimPgrcj[uvkllvrqsloncrpdh 0 B P
] I
njh =ITP| B(a
el yHt, fd | ik STvk boQcrp dkdkkOgArc] vio@r 11-9
b x ST = (1511 STlIsin0)A (3

t gkj[ kv k llvH 1200ry ijye bdmlfn'kdgA

ijrq ST=a — g
bl fy, (3) | ge ik g fd

b x(@-a)=15PTA (0 ka PT=ST sin 0)

v Fle - |bx (@ —-a)l = 1h1PTA  (asld1=1)
bl fy, Kk j[k koQch Uure njh

bx(d,—a)

d:lﬁlz =
151

gA

mnkgj. k11 j[Rvklleg' lonc}"p dhUure njh Kk dHht, ftuoQl fn’kl ehd j.kg%6
P SO S (1)
2 Ay nerosiety L@

i

<
=
=y

I

gy lemj k(1) o(2) dhF =G +Abv§ F =3 +ub,.l ryukdjuij ge
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bl fy 52—51=lj—kj
v K boxb =2 -+ Hyx(3t-s57+2/
142
IS Y Y
3 -5 2
bl id§ b, xby1= \J9+1+49 =59
bl fy, nhxb j[kw koQchp dhUure njh
| (B xbyxE —ap| _13-0+71_ 10
B b xb || 59 59

mnigj. k12 fuBufy f{ k nh xb j[HvkllvH 12:
F=trofadinc2tstied)

v K 7=311+3]J—5kj+u(211+3jj+61g)oc)crp Uure njh Kk dHt, A

gy nluk j[ kK | ekj gA(D;R) ge iHr g fd
G =124, G = 313058 vy b= 203 v 6R

bl fy, j[K koQchp dhnjh

w/4+9+36
1 1 kj
=97 +147-4 I_-\/293_\/293 A
- J49 49 7 °

i "uloy h 11-2

12 -3 -4 4 12 3 3 -4 12
1. nko, fd fno@dK bu —, —, —; —, —, —; —, —, — ol hrh
13 13 13 13 13 13 13 13 13

ik ijLij ycor gA
2. nkob, fd fenv (1, #H,2),(3,4,8%R)1 gidj t i okhi[kfenv k(0,3,2)v k
(3,5,6)1 twokwhj[kijyc gA



492

10.

11.

12.

xf. k

n’ ko, fd ficnv k{4, 7,8), (2,3, 4)1 gkj twokhjsK ficnv is(1, B2, 1),
(1,2,5)1 tw olwhj[koQl ekj gA

ien (1,2,3)1 xq 3di2 2 doa
Il ekj gA

fcn ft | d hfLFKr |fn’k211—j+4kjl xq lj+2]J—dehfn'|«et|us
olwhjlkdklfnkvk dkh :ike | ehdj.k Kk dHt, A

m j[kdkdkh |ehdj.kKk dHht, tkifen (82,4, #S)1 tkhg v

x+3 y-4 z+8
3 5 6

oQl ekj gA

x-5 y+4 z-6
3 7 2

,d j[kdkdkhk | ehj.k gAbl dkl fn' k!l ehd .k Kk

dHt, A
ey fecnvk (5, 82,3)1 tw okwhjlkdk!l fnkrPkdkh : ike | ehd . kKk
dHt, A

v k (3, 82, #5), vk (3, #2,6)1 xq

e lehdj.kdk Kk dHt,A
fuEufy fl kk j[ H&; XkoQoclp dkdkkKk dHt, %

() F=20-57+R+2G3P+2+6Dv
F=7r—6f+ n(t+ 2728
i) 7=3d+ 12/ d-F-2/) v
Fooio Aosefeni-s7-4m
fuEufy f{ k j[ K&; YekoQchp dkdkkKk dHt, %

x-2 y-1 z+3 x+2 y—-4 z-5
= = v = =

i 5

O =5 =3T3

. XY x-5 y-2 z-3

(11) _——e——=—y = =

2 2 1 4 1 8
1-x 7y-14 z-3
pdkel Kk dht, rKd j[K = =
3 2p 2

17-Tx y-5 6-z

v K = = ijLij yc gkA

3p 1 5
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13. fn[ ko, fd j[mix—_5=y+2=£vlj Z

7 -5 1 3

14. J[Hvka7=(zj+21]+1§) +7»(IJ—JJ+kJ)vu 7=21’—f—1§+p(2zj+f+21§)oo
chp dhUure njh Kk dHht, %

ijLij yc gA

»—A|§<

2
2

x+l y+1 z+1 ~ x=3_ y-5_z-7
7 -6 1" 1 22

15, j[w k oQchp dhUure njhKk

dht, A
16. j[ K ] ft uoQl fn' k1 enhdj.k fuEufy f[ k g] oQchp dh Uure njh Kk dHt, %

Fed2 M3t e ad -3t od vy F=atist et 3R

17. j[W ] ftudhl fn’ k!l ehdj.kfuBufy f[k g] oQchp dh Uure Kk dHt, %

Fe(=0T+0-2)f+G=20R vk F=Gs+Dr+@s-D)F-@s+ DR

116 1 ery (Plane)

,d lery dkvfirh i | Kk fd; kt kl drkgS fn fubufyflk e | dkb ,d "k Kk gke
(i) lery dkvfHyc vk ey fen | 1 ery dhnjhKk gl vF viHyc :i e lery
dkl ehdj.k

(ii) ;9 ,d fien | xq
(111) ;9 fn, x, rhu v j[ kfenv kl xq

vec ge lerykoQl fnnkvk dkh | ehdj.kdkiKr djxA

11.6.1 viHyc : i e lery dkleh j. k (Equation ofa Plane in normal form)

,d lery ijfopk dht, ftidhey fcn 1l ycor njhd(d#0)g (vioQ 11-10) A

. _ '
;fn ONew fen | ry ij yc g rPk ON oq i
vufn'kdek:m viHyc | fn'kg rc Oded
gAelu yht, fd lery ij db fcn P gAbl fy, ] .'P e
. T LT
NP > ON ij yc gA L
Al i 4k %
vV Ir% NP>ON =0 ...(1) .'I "" q'__.:'-gh.. : o
_|' -""1'_:|. ——— 3y

eku yht, P dh fLRfr 1fn’k ¥ gSrie /__
NP = F—dd(D; kd ON+NP=OP) X v koGr 11-10
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bl idK (1) dk: i fuBufyf[k g%
(F-dn)xdhn=0
K (F—dn)xn =0 (d#0)

X1 = ()

=>

-d

7
=y
5>

i = d © @ na=1)

hll

v Fhe ~

;9 lery dklfnkl endj.kgA
dki : i (Cartesian Form)

lery dkl fnkl eldj.kg tgkﬁlery oQv fHyc bdkb | fnkgAek y Kt ,

ij db fcn P(x,¥,2) gArc

65=;7:x1]+yjj+zkJ

el y Ht , A dhinodd K ku I,m,ngArc
1 1
A=1i +mj +nkJ

FWQ oQelukdk (2) e ifrLFKir dju ij ge ik g]
(xlj+yjj+zkj)><(llj+mjj+nkj):d

v Fhe ~ Ix+my+nz=d

;9 lery dkdkh | edj.kgA

BQ)

lery

..(3)

a,bvi clery oQvfHyc oQfno@v uik gA

_ 1 i |
W= iVii . kn| | endj.k (3) infk djrkg fd ;fn FXal+b j+ck)=d , d
lery dklfn'klehdj.kg rkax+by+cz=dl ery dkdkh |ehdj.kg tgk

6
mnlkgj. k13 m lery dklfn'kl eldj.kKik dHt, tkey fcn | _@dhnjhij gs

vE ey fen | bl dkv fHyc |fn*k211_3]1+4kng

gy el yht, #n= 211—3]J+4ngArc

N 2d-3fvad 2 3teald

Al Ja+9+16 29
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bl fy, lery dkv HIV |l endj.k

mnkgj. k14 1 ery F><(6IJ—3]J—2kJ)+1 =0 ijey fcnl Ml x, yc bdi | fn'kdh

fno@&d K bu Kk d Ht, A
gy lery oQKk I erdj.kdkbl idk QDr fd;ktkl drkg%
. 1 1 .
FX—61+37+2k) =1 (D

ve —68 312/ = B6r9+4 =7

bl fy, (1) oQnluki{k dk7 | H dju ij ge ik g fd

- 2 1
{_éhé,h_kﬂ:_
7 7 7 ] 1
tkfd | ery dklehdj.k?.rf:doozi dkgA
_ J 61 31 2kJ
bl I L"V g fd =——l+7]+7— |l ery oQyc bdlb I fnnkg t key ficng
| xtjrkgAbl idK A dhfno@dH tu __6,3,ng
7 7 7

mnlgj. k15 1ery 2x M3y +4z86=0dhey fon | njh Kk dHt, A
gy D;Kd ry oQvfHyc oQfnoGvuik 2,88, 49 bl fy, bl dhfno&d K bu g%
2 -3 4 2 -3 4
N e L I S N N ST RN TR T}
bl fy, 1enj. k2xBy +4z86=0v e 2xHBy+4z=6dk,29 1 Hx djus

ij ge iHr djr g%

2 -3 4 6
— Xt ——=Vy + Z = —
\29 ~29 N29 \29
vk ;g lx+my+nz:d,oo:i e g tgkey fcn | 1 ery dhnjh dgAbI fy,
6

Il ery dhey fen | njh _\/— gA
29
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mnigi. k16 ey fen | 1ery 2x By +4z6=0 z.
i My x, yc oQik oQfun'kd Kk dHt A r,-"r."‘t s
gy el yHt, ey fen| lery inMg x, yc oQ ':':1 f\tl:;n
i Poafun ks (x,,2)g (viear 11.11)a _j;*-;:*"':)
rc [ kOP oQfnoGv uik X, ¥,z gA fj:]"-- H‘v ¥
lery dhiletdj.kdkvfHyc oQ: i e fy[h ij ge xi”'/ v lear 1141
ik g fd

2 3 46

TN RN RN T

2 -3 4

t gk OP oQfno@v uik ——>—F—>—— gA
N29 V29 29
D;Kd ,d j[koQfno&dHK bu vk fno@&vuik | eluikhgk gAvr%

S I 5
2 3 4
29 29 29

2k =3k 4k

6

bu eluk dkl ery oQl ehdj.ke ifrLAKir dju ij ge ik g fd k=T
29

(12 -18 24)
Vvioayc oQilk oQfun’ Kd —_—,—, — = gA
29 29 29)

E" VI . kh ;fn ey fiekn I I ery dh njh dgk vk lery oQvfHyc dh

fno@d K u [, m,ngkrc yc dkit (Id,md, nd) gkkgA

11.6.2 ,d fn, I fn”°koQv uyc rFkfn, fcn |Is
gkdj t ku oly lery dklehl j.k(Equationofa &

plane perpendicular to a given vector and
passing through a given point)

ol
F{’P@: Ly iy 5y

vrfi{ke] ,d fn, x, I fnkoQvuyc vuoQl ery o
RS

gkl dr g ijr ,d fn, x, flen P(x,¥»,z) 1 sbl i T

idk dko®@y ,d |l ery dkvfLrR gkkg (né[k

vieQr 11-12) A X vkoGr 11-12
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el yht, fd lery ,d fen A, ft 1 dh fLFdr

lfnk d gl !l tkkg vk | ik N oQvuyc gAek = l,r.’_{'
yht, fd lery ij fdl hfcn P dkfLFér | fn'k ¥ gS
(vio@ 11-13) A

A ¥
r!l_."k_-_'.
IT"'.:l'{.l'.Ji. I

[}

T

rc fengP | ery e fLFk gkkg] ;fn vk o@y

b T
;1 AP, N ij ya g] v Pk AP.N=0.ijaqu..-r’
AP=7—-a.bl ty, v oG 1113
(F-a)xN=0 B )
;g lery dklfnkl ehdj.kgA
dkt : i (Cartesian Form)
el yht, fd fn;kfcn A(x],y],zl)vrg' lery ij dk fendP (x,¥,2) g rFk N 0Q

fno@vuik A, Brrk Cg] rc

5:x11]+y1 ]J+Zlkj, 7:x1]+y]J+ZkJ v K N:AIJJrB]JJerJ

ve (7 #8)-N=0
bl fy [(x—xl)zj+(y—y1)JJ+(z—zl)kJ]><(Azj+B]J+ ij):()
v Fhe ~ Ax-x)+B-y)+C@z-z)=0

mikgj. k17m 1 ery dkl fn kv K dkh | erdj.kKie dHt, ]t kfien (5,2, 88)1 t kk
g vk 2,3, 8 tnoav uik okwhj[kij yc gA

gy ge tkr g fd fen (5,2,*@4)d k fLFKr | fn’kﬁ:511+2jj—4kjg vk lery oQyc
dkviHyc | fn' k N:211+3]J—1§9A

bl fy, lery dklfn'kl etdj. k(F—a)xN=01 inkgA

K [F=(5 A2 -4 M3 8- H=0 (1)
(1) dkdkh :i e :ikj.kdju ij ge ik g] fd
[ 48P+ (v—2) T+ a2 A3 7-B=0
- 2(x=5)+43(y—2)—1(z+4)=0
v e ~ 2x + 3y =20

tklery dkdkh | ehdj.kgA
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11.6.3 rhu vIj[Ky fenv kl gkdj t ku oky s -
lery dk I ehj.k (Equation of a plane Fl S
passing through three non-collinear points) M AIRERRTY e
K I
eku yHt, lery ij fLFk rhu v 1 j[k fleng ka 4| B r
- _ o lE Ey 3 "‘1__ £
R,Svis ToQflFér | fn"'k e'Ke d,hv B Cgs 2 I'ﬁ.-'r}. s fh_-'l.'-'-'l i
- i ] P .
(vioar 11.14)a £ e f- "
I fnnk RS v RT tn, Iery e gAbl fy, E/ Rt ¥
X Rt N
I fn'k RSXRT fenvk R,Svy T dkv Uforv vioar 11-14
dju oly Il ery ijyc gkkel yht, | ery es

d i fecn Pd kfLFkr Ifn‘kngbI fy, Rl tw ol rFlkIfn’kEéxﬁij ycll ery

dkl ehdj.k(?—ﬁ)x(lﬁxﬁ) =0gA
;K (F-a).[(b-a)x(c-d)] =0 ()
;9 rhu vIijlkfienv kI xtju oy | ery oQl edj.kdkl fn'k
ik i gA

mijkor if ;ke rhuv Il j[kfcn d gukD; kv lo’; d

g\ ;fnflcn ,d ghj[kKij fLFk g rc ml | xt ju ok dbl ery

gk (v ioQr 11-15) A

; lery ,d ilrd oQi"Bkd hHir gk t gk
fcnvk R, S vk T dk vrfo'v dju okh j[ K
ilrd oQi"Bk oQchau ok LFw dkl nL; gA vV koGr 11-15
dktz : i (Cartesian Form)
ek yHt, fenvkR, Sv ToaQfun'id e’ ke (X1,V1,21), (X2, V2, 22) v § (X3, V3, Z3) gA
el yht, fd I ery ij fdl hfcn P oQfun’ kd (x,y,z)o bl d k fLAKr | fn’ k ¥ gArc

55 1
RP =(x#) + 0 #) ] + ¢ #E) £
RS =(x2 *@Cl)lj + (2 *1@/1)]J+(Zz *@1) /g
RT = (s ) A+ 0 ) 1 + (2 ) 4
bu eluk dkl fn"kik i oQl ehdj.k(1) e ifrLFkiu dju ij ge ik g fd
X=X V= i-%
X=X V=W Z,-3|=0
X=X WB— 1 23— 4
t krhu flcnv k (X1,y1,21), (XQ,yz, Zz)vlj (X3,y3, Zs)l X q
dkh ik i gA
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mnoki. k18 fenv kR(2, 5, #B), SR, #8, 5)v § T(5,3.883)1 twok | ery dklfn k
l ebd j.k Kk dHt, A
gy el yHt, 5:211+5]J—3kj, 52—211—3]14-5/(], E:SIJ+3JJ—3kJ
re d, b vk C1 th ol lery dklfn'kl ebdj.k fuBufy f[k g%
(F-d@)XRSxRT) =0 (0; @)
; k F-a)q{(b-a)yx(c—a)] =0
v Pl ~ [F—28+5 738 14(-47-8 1 +8B)x (31= 2 H1=0
11.6.4 1 ery oQlen j.kd kv r%[ka&: i (Interceptform ofthe equation of a
plane)
bl v uPNn e] ge |l ery oQl erdj.kdH m oQ}Kkfun"KKij dVvr%[KWM oQ: i ea
Kk djxAek yht, | ery dklehdj.k
Ax+By+Cz+D=0 (D=0)gA .. (D
eluyht, I ery }KkX,V,viSZ-v{Kkij dVvr%u[M e'ked,bvic(vioar 11.16)gA

Li'vro%l ery X,VviSz-v {kd e'kefenvk (a,0,0),(0,5,0),vi5(0,0,c)ij feyrkgA

'
-D
bl fy , Aa+D=0;kA=—
a T (ki)
-D /
Bb+D=0;kB=—
b f S
-D Ly R T
Cc+D=0;kC=T P V{1 XN
bu elukd kl ery oQl ehdj. k(1) e ifrLFKir dju v K [ TR
l'jy djuij ge ik g fd - v lodr 1116
b z
i ()
a b ¢
tkvr%e[WM i e lery dkvHIVIendj.kgA
mnkgj. k19 m lery dklehdj. kKk dht, tk,VvhZ-v{kij e ke 2] 3 vi
4 vr%[W dRrkgA
gy el yht,] lery dkl ehdj.kgA
b z
| ()
a b ¢

igka=2,b=3,c=4 Kk gA
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a,bvi coQbu elukdk (1) e ifrLFkir dju ij ge | ery dkv HIV I erdj. k

£+Z+§:1 ik 6x +4y+3z=12iKr djr gA

11.6.5 nk fn, leryk oQifrPNnu | gkdj tk okyk | ery (Plane passing
through the intersection of two given planes)

elu y Ht, Tclvlﬁnznklery] ft uoQ | ehd j.k o
e’ k% Fr’=dv|qs 7.l =d g buoqifr PNNU LT
o For =d, My =d,g ] |
jlkij fLRc fd I h fen d k fLFKr | fn"k bu nlal " e | |
- S =
l ebd j.kd kIl rgvdijxk (viedar 11.17)A ‘r>.e;_} ] f-'u
T 1 -~ -
- ™ ", 1 g
;fn bl j[Kij flFk fd 1 hficn d hfLRér | fn'kf g] ris *°1 o -
iy =d v [xi, =d, v koGr 11-17

bl Hy, AoQl Hh oKrfod ekik oQfy, ge ik g fd
[ (7 +Ai,) = d) +Ad,
D, kKd 7 LoPN g blfy, ;g9 j[%oQfdl hfcn dk I r"vdjrkgA
bl idK | ebdj.k Fx(H +Miy)=d +Ld, | ery T dkfu: fir djrkgtk,| kg fd ;fn
dlblfn‘kf,TclvH T,0Ql ehdj.kdkl r'Vdijrkg rkog T, dkvo'; I r'VdjxH

V%l eryk F¥ = div FXiy,=d, oQifrPNnu j[& 1| th ol fdl h lery dk

lend .k FX(f+ M) =d +A\d, gA (D)
dkt : i (Cartesian Form)
dkh :i oQfy, ehkk

no= AIIJ+B2]J+C1kJ

i, = A211+B2]J+C2kJ

) - 1 1 kj
v F=Xxi+yj+z
rk(1) dkifjofrr i g%
(A + M) +y B+ B)+z(C + AC)=d + M,

ik Ax+By+Cz-d)+ MAx+By+Cz-d)=0 ..(2)

tkiRd A oQfy, fn, | erykoQifrPNnu j[ k!l gikdj t kuok fdl hl ery dkdkh
Il endj.kgA
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mnkgj. k 20 leryk Fx(zJ+JJ+IcJ)=6v K 7><(21]+3]J+4}€J)=—5,0QifrPNnu r Fk fic nq
(1,1,1)1 tw ok lery dkl fn'kl ehdj.k Kk dHt, A
gy gk ﬁlzlj+jj+lgvli ﬁz=211+3jj+4lg viid =6 vi d =1 ga
bl fy, | % Fx#+Aiy)=d +\d, dki;k djuij]

Py A 3 frad)) = 6-51
K FA(1+ 20T+ (1430 4 (1 +40)] 7 = 6-51 ()
tgkA,d oKrfod I [;kgA

F:xzj+yjj+zkj,j[m ij ge ik g fd

ey ez DA+ 20 (1430 T+ (1 40 B)=6 50,

Dk (1+20)x+ (A +30)y+ (1 +40) z=6 FB5A

Dk x+y+zBB)+A 2x+3y+42z45)=0 .. (2)
ve itulkl K v HEV I ery fon (1]1]1) | thkkg] vr%:g fion] (2) dkIr'V djxk
v Fie ~

A+1+18#6)+22+34+4+5)=0

3

3 k A= —
14

AoQbl el dk(1) e ifrLFkir dju ij ge ik g] fd

I3 9OV (. 6] 15
i XL(1+7TI +(”ﬁ7" +(1+7)‘ij = 6_a

K (207423 1426 £) = 69

tklery dkvHIVIfnnkl endj.kgA

11.7 nkji kv kd k| ga&ry k gluk (Coplanarity of two lines)
el yht, fd nk Kk j[ K %

F = a,+\b, (1)
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r Fk F = a,+ub, 98 ...(2)
j{ K (1) fen A, ft 1 d hfLFKr | fn'k djg]l | gkdj t khg rH«Elocn ekj gA j[ K(2)
fcn Bft | dh fLFkr | fn' k azg] I gdj tkhg rFk EZOQ| ekj gArc
AB = a,—0q
Kk j[ & | g&ryh g] ;fn vl o@y ;fn AB,bvi b2I g&ryh gA v Fk ~
AB.(b;xb,) =0k (a,— a,) xb,;xb,) =0
dki : i (Cartesian Form)
el yhit, fd ficnvk Avl BoQfun kd e ke (x,,z)vE (X,V,2)gAek yhit,

fd b] v K b2 0Qfno@v ui k e'k%al,bl,cl rik a, b2,6‘2 gArc

AB=(x,—x) M (3, ~3) T+ (2,2 )R
[;1 :allj+bljj+clkj; v K l;zzazlj+szj+czkJ
Kik j[K | g&ryh gl;fn vk o@y ;fn Exl;lxl;z):o ft 1 fuBufy f[k dkh =i
e QDr dj Idr gA
X=X Y=V Z,7Z
a, b ¢ |=0 e (4)

mnlgj. k21 n' Ko, fd j[K |

x+3 y-1 z-5 x+l y-2 z-5
= = r Fk = =
B 5 |2 5

Il g&ry h gA

gy ;gkge Kk g fd x]=7fﬁ3,yl=1,zl=5,a1=7fﬁ3,b]=1,c1=5
x,=H.,y,=2,2=5a=8,b=2,¢,=5
ve fuBRufy flk | Kf.ld yu ij ge ik g fd
X, =X VYV, —V Z,—Z 210
a, b, ¢ [=[-3 1 5[=0
a, b, c, -1 2 5

bl fy, j[ K | e&ryh gA
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11.8 nk 1 erykoQchlp d kd k k(Angle between two planes)

i fjHK'K2 nk | eryk oQchp dkdkk muoQv fHy ck oQek; LFk d kk } Kk i fjHk"w ¢S
(vio@r 11.18 (a))A ki nit, fd ;fn nkl erykoQchp dkdkk® g rk 180 #0

(vioar 11.18(b)) Hh muoQclp d kd Isk gAge Wu d kkdk ghl ery loQchp dkd kky xA
elu yHt, fd leryR rFxn =d vi rxi,=d, oQctp dkdkkBgArc fdI hlloZ

viHyckoQchp dkdkkO gA

fcn 1 lerykij [ Kp x,
iy Xt
re cos 0 = |———=
ln | 1n, |
=~ ITAEET W W W W
i
ar= | ,;-* o \ijgn-gmr—an .
.__. 18 -;_ A |I "*—.I
VAR e I
/ e P AL AN %\5 SR
B/ O anam T Il' e c
I Kot .
i vioar 11-18 (h)
nluklery ijLij ycor g ;fn #H.0n, =0vK I ekj g ;fn iV
f,l ekj gA

dkiz : i (Cartesian Form)

elu yht, | eryko

Ax+By+Cz+D =0vi Ax+By+Cz+D =0

oQchp dkdkkO gA

rkl erykoQvfHyc oQfno@vuik e ke A, B,C v A, B,C gAblfy,
A A, +B, B, +C, C,

AT+ B+ Gy A} 4B3+C3

cos 0 =

rig cos 6 =0. vro

0 =90°v bl

VI . kh
1. ;fn nwisl ery ijLij yc g rc
cosb =AA +BB +CC =0
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Al
2. ;fn nluklery | ekj g rk— = — =—

mnigj. k22 nkl eryk2x+yBRz=5v§ 3xBByHRz=70qch dkdkkl fn kfof/

1Kk Kk d Kt , A

gy nkl erykoQchp dkdkkoghg t kmuoQv fHyckoQchp dkdkkgAl erykoQ

fn, x, lehj.KIl 1l erykoQl fn kv fHy c

N =20+ 12/ vy No=3t-67-2/ 4a

@i+ )26l -6]-27)

9 leﬁz _ [i\

bl fy, COoS O =|—== = = = .

! INi 1INz Ja+1+4 0 +36+4 21)
m(“\.

V% 0 =cos 21)

mnlgj. k23 nid ery k3x KBy +22=7 v 2x+2yBRz=50Qch dkd kkKk dHt , A
gy lerykdhKik | etj. kdhryukl et |.Ha
Ax+By+Cz+D =0vi A x+B y+Cz+D =0
| djuij ge ik g fd% A =3B =#,C=2
A =2,B=2,C =
3x2 4 (=6) (2) +(2)(<2)
\/(32 +(=6)* +(<2)%) (22 + 22 +(-2)?)

iu% cosO

10 | 5 53
“l7x23| B 21

bl fy,

0 = cos’ (S\E\

21
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I fn, x, ftn d hnjh(Distance ofa point from a plane)
I fn’k: i (Vector Form)
,d flengP ft 1 dk fLFdr 1 fn'k g vk ,d lery nlftldkler'dj.k7>¢;=d
(vkoar 11.19) ij fopk dHt,6 A
= s
ks Ty
- =,
It —
Tl gl ¥ Sl
P i/
o )
rA g R L axl e v S
Z: — i by (3 T 1
plar==m—1 b ool L ! S
\.‘{/! 4 I|_ 4 s
. inl (1]
v ko@r 11-19
iu%fen P I

I ery nloQIekj I ery Tl:zij fopK dHht,Al ery Tconfoyc
bdR)Ifn’kAgAvr%bIdeede.k(?—c_i)W’:OgA
v Flkr ~

ol = axd
vr% ey fen |

bl lery dhnjhON':Ia’xn'I gAbl fy, P1 1ery m1 njh
(viar 11.21 (a))

PQ = ON #ON’
gltk,d fen |

dkifj.Ke LFKir

ld #a < |

Kk | ery ij yc dhyck gAvioadr 11.19 (b)oQfy, ge bl hidk
dj I dr gA
Vi . kh

L ;fntlery mdklemj.k F.N=d,0Q: i dkgl t gk N I ery ij viHyc gS
1da.N-dl
rkykKecd njh ———

= gA
IN|

2. ey fcn Ol

I ery F,N:ddhnthlg(D;Hd Ei:O)A
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dkt : i (Cartesian Form)
el yHt , fd P(xl,yl,zl),d fn; kficn g ft | d kfLFKr | fn'k @ g rFkfn, | ery dk

dkh | ehj.k
Ax+By+ Cz=Dgs

re ﬁ=x1i|+yljj+zllg
N=AMBlch
vr%(1) oQ}kkP I lery ij yc dhychz

(x, Py F ez kJ)><(AlJ+B]J+CkJ)—D|
A+ B +C |

_ Ax1+By1+Czl—D|
- JA? +B* +C? |

mkgi. k24 fen (2,5, 8B)dniery F><(6IJ—3JJ+2kJ) =41 njhKk dHt,A
oy igka=2R+51-3R N=67-37+2d=4.
bl fy, ﬂcno(2,5,7fﬁ3)dhfn, lery | njhg%

e +5 -3 x67-31 2B -4
167-374+2k|

112-15-6-41 _13
© 36+9+4 7

11.10 ,d jIk vk ,d lery oQclp dkdkk(Angle between a line

and a plane)

i fjHKK2 ,d j[KkvK ,d lery oQchlp dkdkK  srom— A

j[Kk vk | ery oQviHyc oQchp oQdkkdkdkk ra )

(complementary angle) i jd gkkg (vioa 11.20)A ra e 3

weoo S
El

I fn°k: i (Vector Form) #/ Ky
o - L . —

elu yht, fd j[kdklej.k 7 =ad+Ab g rhk A

lery dklehdj.k FXi =dgArc j[ kv K | ery oQ vkoar 11-20
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viHyc oQchp dkdkkO, fuEufyflk | «}KkQDr fd;ktkl drk gA

b i
cos 0 = T

151 |

VK bl idK j[KkvK lery oQchp dkdkk ¢ 90° 0, 1 kink g v Fie~
sin (90° ##0) = cos 0

b xii

16117

>
¥

i1}

(117

x+1 y z-3

2 "3 6

mnkgj. k25 j[ K vl lery 10x+ 2yl 1z=30Qch dkdkkKk
dht, A

gy ek yht, fd j[Kkv K | ery oQv fHyc oQclp dkdkkegAfn, X, j[ KkrPkl ery
oQl ehdj.kdkl fnk: i e QDr djuij ge

Fe(iahia2te3tied)
v Fx108+ 211/ =31 djr ga
gk p=28+3v6f vy A=10t27-117
et tiedaoti 2 -11d
N2+ P46 102+ 2 +112

V% sin¢=‘

i’uboy h 11-3

1. fuBufyf[k i'uke | iRd e lery oQvifHyc dhfno@dHK bu v ey fen |'s
njh Kk d Ht , %

(a) z=2 by x+y+z=1
(c) 2x+3y k=5 (d 5y+8=0

2. ml l ery dkl fnkl ehdj. k Kk dHht,] tkey fen |l 7 eldd njhij g] vk

Ifn’k3lj+5]J—6kJij viHyc gA



10.

11.

12.

13.

fuBufy ffk | erykdkdkh | ehdj.kKk dHht, %

@ e P-BD=2 ) Fx2t43t -4t =1

© FAGs 208+ G-1) 1+Q2s+nR1=15

fuBufy f[ k fLFKr; k e] ey fcn | [Kp x, yc oQik oQfun Kd Kk d Ht 6 A
(a) 2x+3y+4z1E2=0 (b) 3y+4z86=0

() x+y+z=1 (d 5y+8=0

fuBufy f[ k ifrc/ koQvrxr | erykdkl fn"k, o dkh | ehdj.kKk dHt, t Kb

(@)
(b)

feng(1, 0, BR) 1 t kkgkv § 7I+]J—}g lery ij viHyc gA

fcnq(1,4,6) 1 t kkgkv K 11—2]]+k1| ery ij viHyc | fn’k gA

mu | erykdkl ehdj.kKk dHht, tkfuRufyf[k rhu fenv k|l xtjrkgA

(a)
(b)

(1, L), 6,4, #5), (1, 12, 3)
(1,1,0),(1,2,1), (}2,2, #)

lery 2x+y7fﬁz=5}|1'kdw X, VIr%[Kkdk Kk dHt, A

m | ery dklehdj.kKik dht, ftldkyavi{kij vrgm 3vktkry ZOX
oQl ekj gA
m lery dk lemj kK dHt, tislerykadx By + 2284 =0 vy

x+y+z’fﬂ2:OooifrPNnu rikfen (2,2,1)1 gdj t kkgA

ml

lery dk | fn'kl ehdj.kKk dHt, tkleryk F.(211+2]J—3kj):7,

7.(21‘|+5]J+3}§) =9 0QifrPNnu jlkv Kk (2,1,3)1 gdjtkkgA

ryk X+y+z=1vK 2x+3y+4z=50QifrPNnu j[ kI gidj t ku oy rFkry
x$1§/+z=0ij ycor ry dkl ehdj.k Kk dHt , A

l eryR ft uoQl fn k| erdj.k7><(2lj+2jj—3kj):5vu

F><(3zj—3jj+ 51{1):391 oQchp dkdkkKk dht, A

fuBufy fl k i’ uke Kk d Ht , fd D; kfn, x, | erykoQ; X% | ekj g v Flokycor~

gl vk m fLFKr e] tc ; urklekj g vk ughycor rkmuoQchp dkdkk

Kk
(a)
(b)
(c)
(d
(e)

dHt,A
Tx +5y+62z+30=0v§ 3x i HO0z+4=0
2x+y+3z8R=0v i xRy +5=0

2x By +4z+5=0v 4 3xBy + 6z =0
2x i + 328 =0v g 2x B +3z+3=0
dx + 8y +z B8 =0vi y+z 8 =0
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14. fuBufy ff k i’uke iRBRd fn, x, fcn | fn, x, I xr | erykdhnjh Kk dHht, 6 A

fenq l ery
(@ (0,0,0) 3x By +122z=3
(b) (3,%R,1) 2x iy +22z+3=0
(c) (2,3, 1) x+2y KPz=9
(d (#b,0,0) 2x By +6z82=0

fofo/ mnlgj . k

mnlkgj.k 26 ,d j[K,d % oQfod.koQl Wk, B,Y, O, d kkcukhgSkfl ... d it , fd

cos> o + cos’ B +cos*y +cos’ d = 3 4
gy ,d %],d ledk.d "WiQdh gkkg ft | dh r""*"l”‘._-[“‘d__ﬂ:
ych] pllb vl “pl | elu gk gA o 0wl g3 "
el yrt, fd OADBEFCG,d 7u ft1dhiRd (9.4

v
Htkayckh dhg (viea 11.21)a ..-"'"rﬁ _,.-f"'"HUI_.u,II]
OE,AF,BGvK CDpk fod.kgA xt..-":ﬂm{}.ﬂ} T, v, )
nkfcnvk O rfik Edkfeyk olh j[ k OE v Fke ~ v koGr 11-21
fod .k OE 0Q fno@d K tu
a-0 a-0 a-0
NP 1a*+d® Nt +d*+d® NP +d* +d

1 1 1
v Flkr ~ _\/3,‘\/3,‘\/3
gAbl hid§ AE BGv CDdhfno@dK bu e’ Kb
1 1 1 1 1 1 1 1 1
*ﬁ_7 _7 _;_7$ﬁ_7 _VK _7 _7$ﬁ_7gA
BB BB BB BN
el yrt, nhxb j[kt k OE,AEBG v K CD,o0Ql ¥k e k6 a,P,Y,vk Odkkcukh
gl dhfno@d K tu I,m,ngA

1 1
re cos a :ﬁ (l+m+n),cosﬁ=ﬁ($@+m+n)

Cosy=%(1$ﬂn+n);cos o= %(lﬂﬂ 1)
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ox djoQt Mu ij ge ik g fd

cos’ o + cos® B + cos* ¥ + cos®
1
3
1

[U+m+n)P+ @ +m+n)?] +(UEn +n)+(+m B

4
[4(P+m>+n*)] :g (D:;kd P+m?+n*=1)

mikgj. k27 m ry dklehdj.kKk dht, ftle fen (1,8, 2)vrfo'vg vk tie
leryk2x +3y #Rz=5vK x+2y¥Bz=8e | iRd ij yc gA

gy fn, x, fcn dkvrfo"Vdjuok | ery dkl ehdj.k
AGHE) +BE+1)+CEHR)=0gA ()
leryi2x + 3y BRz=5v§ x+ 2y #Bz=8,0Ql ¥k (1) }Kkkinkl ery ij yc ghi 0Q

ifrc/ dki;k djuij ge ik g fd
2A+3B#RC=0vK A+2BHBC=0

bul edj.kdkgy djuij ge ik g fd A=H¥B5Cv§ B=4C
Vivv HIVIedj.kg%
BCxE)+4C+1)+CzHR)=0
v e ~ 5x {4y =7
mnkgi. k28 fen P(6,5,9)1 fenvk A3, 11, 2),B(5,2,4) v CHHEL, B, 6) 15k
fu/ Kjr | ery dhnjh Kk dHt 6 A
gy el yht, fd lery e rtu ficn A, B,rik CgAfcn PI lery ij yc dkilk

DgAge v HEV njh PDKic djuhg t gkPD, AP dk AB x AC ij i{k gA

V% PD = AB x AC 0Qv ufn’k bd 162 f’ kr Pk AP d kv fn' kx. ki @ gA
i u% E=3zj+6jj+7}§
P
—_— — i | | }g
v i ABx AC=1|2 3 2[=12i-16] +12
4 0 4
3d_atisd

AB x AC oQv ufn'kbd b | fn'k =
/34
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1 1
P5 = (38s6 Ao A 3n=a]r R
V34
3434
17
fod Yir%sfcngA, Bvk CI xq P

dhlery | njh Kk dHt,6 A
mnlgj. k29 n' ko, fd j[ K |

x—a+d y-a z-a-d

o—90 a o+ 90

x-b+c y-b z-b-c
v K = = | g&ry h gA

B—v B B+y

gy ;gkKk g fd

x=alld vi x,=0>b1k
y=a y,=b
z, =a+d z,=b+c
vk a = o B a,= By
b =a b,=8
c,=a+d c,=PB+y
ve | kf. ld
Xo =X, V=W Zy—2 b—-c—a+d b-a b+c—-a—-d
a, b, o |_ o -9 o o+ 9d
a, b, %) B-v p B+y

ij fopk dHt,A

rilj Lrtk dkigy Lrkke t KWMu ij ge ik gA

b—-a b-a b+c—a-d
21 o a a+90 =0

p p P+vy

D;Kd iFe vk firh Lrtkl elu gAvr%nnikij[ kK | g&ryh gA
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mnkgj. k30 m fenoQfun'kd Kk dHt, t gkfengk A(3,4, 1)v i B(5,1, 6)d kfey s
olyhijlk XY-ry dkdwrh gA

gy fenvkAvE Bl t ohj[kdkl fn k!l ebd . %

=y

=s3dia M-t ra-sHtee-1 R

v Fe Fe=3tva i 2to37458)0s (1)
elu yht, Pog fcn g t gkj[k AB, XY-ry dkifrPNn djrhgArc fen P d kfLFdr
Ifn’kxlj-i-y]JoQ: i e gA

;g fcnvo'; ghlehdj. k(1) dklr'vdjrkgA (D;id)

v Fike - sty = aendra-3ntiass
1', JJVH‘ kj,on.dedhryukdju ij ge ik g8
x=3+2A
y=41B 1L
0=1+5A
mijor | eldj.kdkgy dju ij ge ik g fd
13 i v 23
X= vV = —_—
5 5
L2
Vvri%v HOV fcn oQfun’ kd S’S,JQA
vk k 11 ij fofo/ i’ukyh
1. fn[ Ko, fd ey fen | (2] 1] 1) feyl ok h j[ K fenvk (3] 5 &1) v i

(4] 31&1) | fu/ Kjr j[Kij yc gA

2. ;fn nkijLij yc j[ K kdhfno@d K ku ll’ml’nIVK lz,mz,nzgkrkfn[ Ko, fd
bu nlukij yc j[HKkdh fno@d K ku
mlnzﬁ‘lmznl’n112$ﬂq211’11m2$@2$ﬁmlgA

3. muj$HvkoQek; dkkKk dht,] ft uoQfnoGv uik a,b,cv b ¥, c ¥,
a*ﬁbgA

4. x-v{koQlekj rPkey&fcn | tk okhj[Kkdkl ehdj.k Kk dHt,6 A

5. itnfenvk A, B,C, v Doafun' kd e’ ks (1,2,3),(4,5,7), (14,3, #6) v 4
(2,9,2)9g rk ABvi CDj[k koQchp dkdkkKk dht, A
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11.

12.

13.

14.

15.

16.

17.

18.
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_ x—1 y—-2 z-3 x-1 y-1 z-6
;fn K = = v IS =
-3 2k 2 3k 1 -5

rkkdkelw Kk dHt,A

ijLij yc gla

ficn (1,2,3)1 t ki okyh rikry 7.(lj+2JJ_5kJ)+9:0ij ycor j[Kdk
I fn" k| ehd j. k Kk d Ht , A

- 11 kj ) )
fen (a,b,0)1 twoly rRkry FxI+]+k)=2 oQlekjry dklehj.kKk
dHt , A
j[uvkF:6IJ+2JJ+2}g+k(zj—2JJ+2kJ) v K
F:—4zj—kj+p(311—211—2kj)oochp dhUure njh Kk dHt, A
m  fcn oQfun'Kd Kk dht, tgkfenvk (5,1,6)vE (3,4,1)dkfeyk olh
il YZ-ry dkdW®rh gA

m fcn oQfun'Kd Kk dHt, tgkfenvk (5,1,6)vi (3,4,1)dkfeyki olyh
i[WZX-ry dkdRrh gA

m fcn oQfun' Kd Kk d Wt , t gkfenv k (3, BEL #5) v § (2,88, 1)1 xq
il 1lery 2x+y+z=70QiK tkhgA

fon (B, 3,2)1 th ol rPkl erykx+2y+3z=5vK 3x+3y+z=0¢e I's
iRd ij yc lery dklendj.k Kik dHt, A

_ . SV B TS ST .

sinfen (1, 1L,p)vg (BB,0, 1)1 ery Fx31+47—-12k) +13=01 1| ek njh
ij fLAk gk rkpdkek Kk dht,A

leryk 7><(IJ+JJ+kJ):1vK 7>(211+311—k1)+4:0 0QifrPNnu jl kK1 t ks
oly rFkX-v{koQlekj ry dkl e j.kKk dHt,A

;fn Oey fen rAkfcn P oQfun’ kd (1,2,7fﬁ3),g rkficn P1 tw ol rFkOP
oQycor ry dkl ehdj.kKk dHht,A.

Leryk FxP+2 143 M —4=0 v Fx21+ =M +5=00QifrPNnu j[Kd
vrfo'V dju ok rFkry 7>(SIJ+3JJ—6}{J)+8:O oQycor ry dkl ehdj.k
Kk d Ht, A

ficn (A1, 85, #10) 1 j[ 7:21]—]J+21cj+x(3zj+4jj+2/cl)vw lery

-1 1 , )
r><(l -]+ =50QifrPNnu fcn oQet; dhnjh Kk dHt, A
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19.

20.

21.

fen (1,2, 3)1 tkjolyhrFlkIerylsr_"x(lJ—jJ-i-Z}g):SvljS F><(3IJ+JJ+kJ):6oo
lekj j[Kkdklfn k| ehd . kKik dHt,A
x-8 y+19 z-10

1,2, ¥4 i ; — )
fien (1,2, B4) | tw okh v nlk [k k 3 Y - v

x-15 y-29 =z-5

ij yc jlkdkl fnkl endj.k Kk d Ht, A

3 8 -5
;fn,d T ery onr%H\/Ia,b,Cg vk bldhey fen | njh pbdk g rkfl ...
dH fd + ! + ! !
t — — — T e—
2 b2 2 pZ

i'uk22 vk 23e | ghml dkpulo dHt, A

22.

23.

nkl eryk2x+3y+4z=4vk 4x+6y+8z=120Qctp dhnjhg%

(A) 2bd wz (B) 4bdwz (C) 8bdwz (D) % bd bZ

lery 2x8+4z=5v K 5xBR.5y+10z=6 g%
(A) ijLij yc (B) 1 ekj

(C) y-vi{kij ifrPNnu djr gA (D) ﬂcnq(o,o,%}l xtjr gA

I KK k

,d jIkKcdhino@d K Kou j[ K} Kk fun’ K{Kkd h/ u fn’ koQl Kkcuk dk ke
dhdH bu gkhgA

:fn ,d j[kdhfno@&dH tu L,m,ng rkP+m*+n°=1
nkfk:nka(xl,yl,Zl)vlj Q(xz,yz,Zz)dkfeykJ olyhj[k dhfrno@d K lbu

Xo=X1 Vo=WN 2Z2p—Z

PQ ~ pPQ  pPQ 9%

t ngQ= ‘\/(xz_xl)z + (yz_y1)2+(22 _Zl)2

,d jIkdkfnoGv uik o | [;k g tkj[KkdhfnoGdH lbu 0Ql ekikh
gkhgA
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ifn ,d j[Kkdhfno@dRK bbu L m,nvk fno@vuik a,b,cg ris
; a b C
= m= =
1/az+bz+c2 \/az+bz+c2 Ja2+bz+c2

fo'lkeryh j[K vrfijfkdho j[kKk tkurklekj g vk ughifrPNnhgA

;9 il Kk fofthl ryk e gkhgA
fo'keryh j[kv koQch d kd k kog dkkg tk,d fdl hfcn (ojh rkey
fcndh | fo'leryh j[kwke | iBd oQl ekj [ Kphxb nkifrPNnhj[ Kv la
oQchp e gA

: fn ll,ml,nlvu lz,mz,nzfnoC&dHlbu olyhnkj[ kv koQchp UudkkO gs

rc
cos O = Illlz+m1m2+nln2l
; fn al,bl,clvlg' az,bz,czfno(x(vuikkolyhnkj[RvkchI’p dk Uu dkk
Og rc
o a a, +b b, +¢ c,
cos 0 =
2 2 2 2 2 2
\/al + b +¢ \/az + b+ ¢
,d Kk fen ft | d hfLFr | fn'k g g | xq b oQl ekj j[ K

dklfnkl ehdj.k F=a+AbgA
ficn (X,¥,2)1 th okhij[kftldhfno®dHK ku L,bm,ngl dkl ehdj.k

X-X _ Y-y _z-2Z
[ m n

gA

nk fic nv k ft uo QfLFKr | fn’ k Eivh’ b gl thkolwhj[kKkoQl ehdj.kdkl fn" k
|eMj.kF:5+k(l;—5)gA

nk fienv k (X, ¥, Z) v (X, ),2) 1 th olhj[kdkdkh |ehdj.k
¥=h _ P=h _ F=4

X, =X o=V 2=z

(fn ok j[WeF=d +Abvk F=d,+Lb,, 0Qctkh dkUudkk O g rik

gA

by b,

OSGZT
15,116, |
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® fnonkj[k la = = v
Z] m] nl

X=X, Y=Y, zI-1%
1, m, n,

oQctp dkdkkO g rc
cos 6 =Illlz+mlm2+nln2|.

L nk fo"lery h; j[k koQchp dhUure nwh og j[K K g t knkk j[ Kk lsi]j
yc gA

® nkj[ Wk 7251 +/7,[;]vlg' 7252 +,u[;2000r'p Uure njh

([;1 X52)>‘(52 1)
1 b, x b, | 9A
‘nkJ'[RV'rux_xlzy_y‘:Z_Zlvu XTH Y7 275
a, b, c, a, b, c,

chp Uure njh

gA
a b, 2

\/(blcz - bzcl)2 +(gqa, —c,q )+ (a0, — azbl)2

—

® nklekj j[Wwk7 =3 +Ab vk F=a +pboqcte dhnjn

b x(d,—a)
15 | gA

L ,d lery] ftldhey fen | njhd rFik |l ery ij ey fcn | v fHyc bd bz
Ifn’kdg]dklfn’k:i e Ieh:ij.kfmI:dgA

® .d lery] ftidhey fcn | njhdrFkl ery oQvfHyc dh fno@d K tou
,m,n gl dkl erdj.klx +my+nz=dgA

® .d fon ft I dkfLFr I fn'k g | th okwkvk | fnnk N ij yc I ery dk

letdj.k (F—a).N =0gA
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,d fn, x, fen (xl,y],Z])tIuoly vi ,d nhxb j[ kftl oQfno@v uik A,
B,Cglijyc lery dkiletj kA(xHl)+B @)+ CHE )=0ga
rhu v I j[kfenv k (xl,yl,zl), (xz,yz,zz)vu (x3,y3,z3)| tok I ery dk
| ehd j. kg%

X=X Y=0Mh Z-Z
2 =% WM =N &= =0

X3 =X Vs= MW Z3— 74

X

rtu fenv k ft uoQ fLFr | fn'k @, b vk ¢ dkvrfo'"Vdju oly |ery dk

|t klemj.k (F—a).[(b—ad)x(Z—ad)]=0

,d lery tkfun ki dis(a, 0,0), (0,5,0) vk (0,0,c)ij drrk gl dk

x y z
lehdj.k— +—=+—=1ga

a b ¢
Ieryle'_’xﬁl:dlv@ FﬁzzdonifrPNnu I xtju ok | ery dkl fn'k

I ehd j.k FX(7,+An,)=d, + hd, gSt gkA,d ilpy gA

I ery la

Ax+By+Cz+D =0

vk A x+B y+Cz+D =0

oQifrPNnu | xtju ok | ery dklehdj.k

(A, x+B y+C z+D)+MA, x+B,y+C z+D) =0gA
nkilk F =& +Ab vk F=a +ub,  g&ryh g :fn

(@ — @)xb, xb,)=0
;fnomi jKOr j[ K fenv laA(xl, yl,Zl)rFlkB(xz,yz,Zz)l X q
X =X W=V 2,74

a b I

3 by C

g ;fn

nkry ft 1 oQl fn'k: i Fxi, =d; vk Fxi,=d, g rRkbuoQchp dkUu dkk
| 7, >, |

17,1173, |

Og rc O =cos®
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2

2

i(kF=d+Abvk ry Fw}:doochp dkUudkk Og rc
bt

ne= R

ry k A1x+B1y+Clz+D1=0rFl«
A, x+B y+C z+D,=00Qctp dkUu dkk g rc

A A, +B, B, +C, C,
0 = cos’!
A} + B} + G A +B} +C}
I fn'k : i e] ,d fen ftldk fLFkr | fn'ka g] | ry Pl =d njh
ld—axh gA

,d fen (Xx,¥,z)dhry Ax+By+Cz+D =01 njh
Ax, +By, +Cz, + D
\/A2+B2+C2

gA

—_— e —
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‘ Ifgeh WU Linear Programming '

* The mathematical experience of the student is incomplete if he never had

the opportunity to solve a problem invented by himself. — G POLYA

12.1 yfeht (Introduction)

fusell wensti § wa aw w3k o ofa &7 =7 4
TS o ek SAAEA W fern-fomst Y ek 21 e
XI¥ g < =X Ui ol e sw@fiyenistl o e
et o femil & e fFevn 9 g e o
fara o e W geh € U W g WA o
sTafteRTat/ e o Frrm |fivfad 21 39 s o 8n
e arafiemet/aeol & Feml @ A & T g
AT Sfad i A Bl A BT H STAN B
Teh AR SO Q1 owqel S Aa SR piEE
SEEE w21 o9 oF Ty ek 9™ Rs 50,000 3T |
@ ok oy oheret 60 a&qetl o forq €M B1 Wap By qr T e
Rs 2500 3K Wk &l W Rs 500 1 @Md Al 81 =% L. Kantorovich
ITTHM ol € foh Wb A7 ol o=t 98 Rs 250 31X U Fdl &l o= d Rs 75 I
Y HH Gkl &1 W AT for o8 wedi aegel @i 5= wehar @ feenl fop o wdiwa
2 99 98 W w=edl @ T fenad Osii ud pfHal w1 wle =ifew @i sues fEw
TR R TR Aol o9 AeRad 2
T RN 1 qHEsl TS0 HH=T Yo R SEEE o oY w1 SR HieRo 31T
ARG <1 IAAHIHOT GieH 1 YAE &ha1 ST 2, SaAasil THEd Seard! &1 o:
ARG Aol B ARIRaH oY, <[ @NTd A1 HE1EET 1 =Aad s9a aftfad 2
sk W Tt 9 dfRe U Hewu YRR i SRaHRR] HHE © SR
ST Sfoaiad seausr] g9en i Tk Was WumE geen g1 S9N, 9,
yee T e ® foega geadr o Sror e Jume e srefies 7ew &l
TH A §, BY b e WUH HHET 3R SR el fafy g e Fepred
o HIA HUT| TUM TH YRR GEHEAIS 1 8 (Hepler o foiu o= fafuEr o 2
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12.2 Iges Woms THE 3R SEet T THTRUT (Linear Programming

Problem and its Mathematical Formulation)

&1 o1 form famel STl ST & WY URY id € S for <1 =R i el e
o TIOTCHE EThLT STE TS JiEd 1 ARERH Tl 36 I8RO H §H SAYah
ECIlED
() =AU SO o e W wsA A pTEA 3 A o waASE o e Y "R )
Toeh ifalteaa ag fawr & fafy= A fafust o fafy= o s s
(i) Fo A qewgel feufaal =1 e &1 Ff quEy 8 S9 suwh Fee st
Rs 50,000 T ST € q1 SHeh UrW Aferehan 60 o3t i W o forg T
U 2
A WY foh o ®IE el T8l @liear shael Ueil o @ied @ =T S 2,
T 7/ 50,000 + 2500, A1 20 Bl 1 @G Fehal 21 3H TEufq o SHeh Tehel oY
Rs (250 x 20) A1 Rs 5000 3
M A foh a8 iE A9 7 TS sheel il & @ie & =44 Hidl 2l a9
€ T YT Rs 50,000 ST AR F 50,000 + 500, A 100 HTEAT € BRIT Hehell
21 W 98 shed 60 T i € W@ Hehal 21 3 T8 60 HIGE 7 Wl & foaw a1e
g fSE8 39 "HA g Rs 60 x 75 314fq Rs 4500 € €M
Tt @i off aga 9R) Gred €)1 SR & e @ 10 A 31 50 HiE @i
1 T HL Hehdl €, Flh SHoh U 60 TG I T 1 T IUaied 21 3 frafg
H 3! "Wehal a9 Rs (10 x 250 + 50 x 75), 314 Rs 6250 AT
3: BH T L © Toh Peiter oA fafe= <o fafa o gro stoet e aifdn @
eI =Y Fehal B IR fafe= e dismiet o1 eroent fafi= e & s |
19 g 9% ? Toh S0 1o o Ui w1 SAfueRad o1d o % o fou TR yehR
o1 T TNEW? TH W o1 3T 3 oh foIC BH HHE o1 TR R0 L
A T =Ml

12.2.1 WEET &7 ORI W’UT (Mathematical Formulation of the Problem)
e, xﬁ'{ y U % ?ﬂﬂﬁ
x 0 .. (D)
y O ..(2)
ifer Aot 3R pfEA =1 G@n HoneHs &l gl Gehdl 2l
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SR (SFHE) W AERTY o9 TR (T8 98 Rs 50,000 ®) 1 99 w1
Y € 3R SHATHE! & U oheiel SATehay Seqel (FE T8 60 ®) i W & fag
TF & o =Ey 2

T &9 H e B W

2500x + 500y < 50,000 (f7a91 =Haqy )
B 5x+y <100 . (3)
C: x+y <60 (HTET ae) . (@)

R 39 YRR 9 e 1 9edl © SEeHRl oY Z (FF1) StfeRad 8 &R
x 3T yoh Hor o ®Y § FAfaiad TR § e A ST Hehdl 2

7 = 250x + 75y (ST He FHEAM 2)
Yo S 1 S« MUY w9 H giefdd 8 S 2
7 =250x + 75y hl SATIHAHIHLI] HITTT

Sl ey fefatad ©
Sx +y <100

x+y<60
x20, y=20

TafeT 78 e B Z 1 SeRaHiehul i § Seih R =X el REew
| o w9 P foww Rufal o =ray = feu T R $w o= wHed o
& o ek Bt 1 <AaHieRor fohaT ST @ Sefer Foiat =R ol e srafhennet
o &9 § P fosiv feufaal o sqemiy se fory St @1 Ut wweanet =1 e guma
e Fed 2l

3T Ueh e WU qHE o9 EE ® S fh 1 31 y S 9 3 =1 o T
o wor Z (S fo S2va ®or Feaidl ®) %1 TdH GHT/Thedd gETd 9
(@fershay o1 =[FaH ) 10 6 9 Gata 21 giasd 7 € 5 =R R gquiss § i
3 Waen srafhenel o q=ad s Feil 1 4qe % &1 s ug § ad € 5
e o gt o gay e € wEte o | aedd € fw fae giom ar e
[ERIRISEISICIETEIN

M o5+ 9 qd €9 o1e 9 Tal (Reh1 9A SR e gl @) H St 9
wfteqfim S Rt o @ g0 e g gaeet §
ILYT el &k W Z = ax + by, Sk a, b = 2 {oeR SAfemaHienor @
S[AAHIRLT €M1 © U e $299 T FHeam 2l
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ST ST H Z = 250x + 75y T e S99 Her 21 = x 3Ry Fofaes
R FEAd 2
=Y Teh {geh WU wHe o = W e srEthenet a1 et a1 wiasy
EY HEAM ¢l Faad x> 0, y > 0 SRU oY e 21 YU SR § (1)
T (4) T W H Y=g ey Head 2|
AN EI W i ekl o st staftentet & v gr i e
S =R (T R R x 3R y ) H ek we H sy a1 FAaR wL, gead gHT
T s 21 as giume qeed uwh G g s gean gEa ene 2
T FHE AR g Al ae SHEd ol BT H I Ueh 52ad JETd FHET a0
figer WU T T T T S92

31e &H foeer w1 T U as 9iumE wHen & 6 YR g fhar s 2l
T JA™ | TH chad SAo@d oty | g watia ©

el X, H g9 9 ek € T e yeR @ = x @Ry ° defua e s
el 1 3@ Eied € qen e fafy gr g o & €1 3 BH ergess 12.2
o g 1 g vell IR pfdal o oy =1 GHen &1 Scoi@ il 31" e 39 SHE
%1 ARG GR BA HU| 36 BH Mo Sl & &Y you SRl &1 NG Gl

S5x +y <100 .. (1)
x+y<60 .. (2)
x=20 .. (3)
y=0 v (4)

39 o 1 oM@ (SMifea &) §
SHRTT (1) § (4) Tk o R
et srfaell & swats fagal o ffifa €
0 & H Yod® fog SANRK (SEErT) i
S e R e S e s
ferhed Wed whidl 21 SHfGY T &1 WHE
1 GETA &7 heald & (TR 12.1)1 59
&9 P Yok o5 AHEN hl YA B Y Sx+y=100 x+y=60
FHE 2| STERfT 12.1
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31d: 89 =1 o) afufia = 2

TETE &9 5T RS o fou e e g S o R SFed x, y > 0 |ied
gt SR g Frad Swafss & gHTa &5 (A A &) FEA ¢ 3epfa 12.1 |
& OABC (3Mifeha) woe o fou gowma & 81 gETa & & sifaftea i &9 2 59
YL &7 Fed 2

HETA BT WU GHTA &3 o6 3id: 9 a1 €W o |l fog smeusl & geTd g a
e g 3Mepfa 12.1 § QU &5 OABC & 3id: 9T qen ¥l o gt fog wwen
o GETd e YERid wEd g1 ST & fay fag (10, 50) WHEN % T YET 8
g R & ¥R g (0, 60), (20, 0) TR o &= 2l

U T % 98T 1 HiE Al 6g SGHT e shedd & SIe o foy fag
(25, 40) T 1 SFET & T
TEAH/SThetaq (ETd ) Tol: YO &7 § hig fog S 3229 Hord 1 3=ad A1
(tfershay o =aH) <, Tk $edd B Hedd &

9 B9 @A ® T gETa @5 OABC ¥ ya&ieh fag (1) ¥ (4) a% § wed wfl
TeiE] ] W Il @ IR UH IFq fag €1 ae W T € fh oW Sivd wer
Z=250x+75y o 3ehad HH aTct T6g 1 fhd TR TG T o1 TIE & 39 ferfa
%! B B o [AC gF = g0l 1 SUFn S S o aew s auemet &l g
F0 o o fagld (S1eReE) 215 THaE S STl 39 Y o foava-aeg ¥ 9 /)

T oF We YRaeh G S ok fo R HETE &5 (ST 9gWS) € S HE
& Z = ax + by S2T9 T 81 S Z 1 Uk TaH M (Afehad a1 <[Fan) & el
eRiEl T Wl =R x 31X y e et g1 <Fe € qel 9% $edd O gHTd &5
& HA (3) W srafeem g =few

AT T W Wash GumE g9En o fT R GET &5 © 92 Z = ax + by Se
%o 21 A% R 9Reg 8 8 99 $299 Bl Z, RH SHl eaferehad @i =gad 9 T
%ﬁ?‘ﬁﬁ@@%“R&W(comer) forg (37e) o feed BT 2

X R TR & T S29F For 1 AUy a1 =Aq9 °F 1 e T8l o
g Wbl 2 fRe off aft e fommm @ @ R & s fag e =y, (w1 %
FIEN)
ST SR § ufag (FHTd) &5 % H14 fag 0, A, B 3ik C € iR fagen &
fdsien M T WA © =40 (0, 0), (20, 0), (10, 50) 3R (0, 60) HH: AT 55 &1 1@
&0 3 fogatl W Z %1 5 F| S 2
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dg Y Ueh[X %:
HETT & ok 9™ 7 <F TIq |9
0 (0,0 0
A (0,60) 4500
B (10,50) 6250 <— | sifieRaw
C (20,0 5000

&n frliero e € for sma@mE i f9a9r aiwmn (10, 50) s1efq 10 B @R 50
FHAl oF Gl § Afehan 1y gl

w fafy & fr=1 w=f =1 el €
1. Gk WA WO S GO &7 710 RIS SN S8k S faget (Sid) =
a1 at Fteror 9 steEn | @t o yfiess fag & 31 W@rstl & aHten & g d

Feh 39 fag &1 A it

2. SEYF W Z=ax + by %1 U Y i fag W A Sitswl 7 TR M 3R
m, FH: 57 Tagell W ifushan qen =g 7 weidia s €

3. () & GUTa & 9ieEg 7, M 3R m, Z 'k Afisman iR =<Fam 9+ 2
(i) UE feufa & S gHT &9 efEs @ df g9 frefatea faf s s e 2

4. (a) MSIZH AHaH 0F od & A ax +by>M FR W 316-aa1 1 hIE
fag guTa &9 ° 7 U et Z &g sifushan 7 el 2l

(b) TH WER, m, H1 Z H1 FFAAH TH Ad € AR ax + by < m 5 I G
arefaer o g & H wid fag st T R e Z w1 wig gad
M el 2

T 379 T ISR o g wHE fafy & 18] &l TR &
e gR1 fe e Wume SmE ) g St

11 =EQHl o S
x+y <50 - (1)

*  [HT & F1 FME f6g & w1 @ R U5 B S % e @ e g 2

w6 T JEd g PR w1 gETA @9 g el a1 § 4% 9% Uk 9d ok Aavid uies
e ST Wehal € e 38 ouRes wed g1 uRes o awad g R gEma e fee off fewm o
arfifid ®9 | g1 S Gl 2
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3x+y <90 .. (2)
x20,y20 .. (3)
Z =4x + y 1 AfThad AF Fd BT
STeRTd 12.2 ® BMEIfhd &3 (1) ¥ (3) o =Feridl o @ o g HiRa gama
&5 21 g9 e d € fop goTa 85 OABC ieig B | SHIGY 89 Z 1 SAfeehad 0
T4 & o fau sHEE fog fafa &1 9= w3

s fog 7% §a W
(0,0 0
(30, 0) 120 < | 3tfeeRad
(20, 30) 110
(0, 50) 50
aMmeRfa 12.2

T fagai 0, A, B 3 C & fdsmess swuw: (0, 0), (30, 0), (20, 30) 3T (0, 50) €1
e YF HA fog WZ 1 7E Td i B
ara: fag (30, 0) W Z o1 3iferhad dH 120 21

sorEt fafy g e Wass Wume a9 e 1 gd it
1= =gl o siaia

x+2y2>10 .. (1)
3x+4y <24 .. (2)
x=20,y20 .3

Z.=200 x + 500 y 31 =[AqH HH A hIf

AT 12.3 H BMEMMhd &, (1) 9 (3) o HauHl & ™ g MuiRka gama
&5 ABC® < uReg 2| & fagati A, B 3R C o s wasl: (0, 5), (4, 3) 3%
(0, 6) €1 B9 & fagati W Z =200x + 500y 1 W TG Hd &




X’ — : X
Of 1 2 3 4 5 6 7 \ BAY
Y 3x+4y=24
3TMeRfa 12.3

x+2y =10

@ fog | 2o 9 ae
0, 5) 2500
4,3) 2300 <
0, 6) 3000
i (10,0)

a1d: f9g (4, 3) | Z 1 =Fa8 HHF Rs 2300 9 &Il 2

SEEI0T 3 e fafy @ frm wwen # gw wife
= =Hal o ST
x + 3y <60
x+y2>10
x <y
x=20,y20

Z =3x + 9y 1 =[aH 3R tfershan qH Ta Hifew)

.. (D)
.. (2)
.. (3)
.. (4)

o U B B9 (1) W (4) <k ! A srienie & Fepm & gETd e
e @ied 1 gETd &5 ABCD 1 3Tepfd 12.4 & fewmn 21 &5 uieg 21 &

wE fog | ZeF W\ 9
Y Z=3x+9y
2 A (0, 10) 9
B (5,5) 60 <—|=Tm™
C (15, 15) 180 Afgrdd
15 C(5,15) D (0, 20) 180 (98 =9 B)

x+3y=60

3TTeR{d 12.4
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fagati A, B, C 3R D & e w|el: (0, 10), (5, 5), (15,15) 3R (0, 20) € 319 &9 Z
o =AY SR sy A T H o e i fog Gt w1 v s w )
Gl W eH gETa &7 fag B (5, 5) W Z 1 [AAH AN 60 I HW 2

Z 1 Afushad |/ GETd &5 % < A fagel ge&w C (15, 15) 31 D (0, 20) T
120 9=t Brl 21

fteror SIS for STRIe Sam@eoT §, Tren S fagetl C @Ik D, | 99H gead
& Tl €, 31l Il fag =t sifushan W 180 Sci= e €1 U feufaEl 1 s
fagatl &1 fHem ol TarE@e CD W weish fag @ C 31k D off W & sfeshay A <
T oE 3u ffg § ff v 7 9Rk @ oy o =maw 79 s FW 2

s fafy gl 3899 e Z = —50x + 20y w1 =Aad "H Frefafaa
SR} o ST A RIS

2x—y2-35 .. (1)
3x+y=23 .. (2)
2x -3y <12 .. (3)
x=20,y=20 .. (4)

a8 9eel 89 (1) W (4) % o 3THIR T g1 GETTd &7 o1 3o @ied
21 3Mepfa 12,5 ® oA & (sEifed) fe@mn o 1 fFemr sifse e gam &
arafiag

319 TH hAE 953l W Z 1 A1 off I A

A . @ fog | Z = - 50x + 20y
(0,5) 100
(0, 3) 60
(1,0) -50
(6, 0) -300 < |vs9 &H

,"(7 8910
Y (6, 0)
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3H GROM § eW A d @ T g 95 (6, 0) W Z W weW % HH -300 21
1 §H HE Tehd € foh Z 1 FAad 9 -300 22 e dfNe fF A & ufimg e
A TE Z ) WEE HH T (Y 2 W) B iR g9 T8 <Ed © foh gETd 8 sfies
21 THfeT ~300, Z 1 AaH O & Ff Tkt € 3R & N 5@ wHen w1 ek T
+H o foag &0 Frefaian s &1 o gied 28:

— 50x + 20y < — 300
1M —5x+2y<-30
3R St I o e g ww go efae 9 gaT &5 o syatts fag € a1 @l
21 4 zad swafTs fag €, 99 Z 1 <am 9 -300 7€ e 31=Ien, Z 61 <[an
A -300 B

St o emepfa 12.5 o fwran B gy, Z =50 x + 20 y, 1 YEW S
ufed # =an O A 2

SO ISR W O T W= L Thd B T Z =—50x+20y, (0,5) W
ARy /M 100 @Al 82 S6ek ToTq, Sit= iTSY foh o/ — 50 x + 20y > 100 &1 3@
gET &3 % Y Ss9AtTs fag @ 2

FrefafEad SEUHl o 3T, Z = 3x + 2y 1 ATHR] HITST;

x+y=>8 .. (D)
3x+5y<15 .. (2)
x=20,y=20 .. 3)

sTEfeRTet (1) § (3) 1 o @it (ST 12.6)1 1 E aTa & 82
IE TH b T?

P 12.6 ¥ 3T @ HT b ©
fop qan 1E fag &l & i el s 6
Th HY | Y Heh| 3d:, WA H
gHT ' TE R

SaEn | TSent foe=m &0 o
Ak H Yoh ¢ ToTEeh R W TH &9
Faer S wHEE w5 g fesans
1 Jeo HW 2

(1) G &7 Hed I agsl &l &
(2) 3EY Wwad &I SATYwAH (A
AqH) A GHETA &3 o MY W
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(F7 ) fem 2@ 21 ARk i wen & R wHE fag (i) @
Afrhad (I =FAH) TH Y B 2 d 39 foged o e arel W@ @6
v fog off wmm stfean (a1 =gAaw) " I

WoATEer 12.1

e fafa @ fe e gume auemet w5 ga S

1. =1 s1e)idl o siard Z = 3x + 4y &1 AR aHien ol Hifed;:
x+y<4,x 20,y=20

2. T sl o @ Z=—3x + 4 y o1 <LATHRIIT iU
X+2y<8,3x+2y<12, x 2 0,y=20

3. 11 o1l o @A Z = 5x + 3y 1 SehaHiehiol Hifa:
3x+35y £15,5x+2y<10,x 20,y=20

4. 791 a0l & i@ Z = 3x + Sy S =AAHIR] I,
x+3y23,x+y=22,x,y20

5. 91 s1aUsl &SI Z = 3x + 2y S =AAHIRI] hITQ:
x+2y<10,3x+y<15x,y20

6. T a0l o SI@d Z=x+ 2y 1 FATHRLO FHIC:
2x+y23,x+2y26,x,y=20

fe@mey o Z &1 <Fam 9 <1 fagedt 9@ et fageti w =feq eiar 21

7. T steiel o STl Z = Sx + 10 y h1 =AAHHRLO] qA SRR hIfT:
x+2y <120, x+y=260,x-2y20,x,y20

8. T ste@el o SAaMA Z = x + 2y 1 FAAHIHIU A1 SAHAHRT RIS
x+2y2100,2x—y<0,2x+y<200; x,y =20

9. T stERidl o AT Z = — x + 2y T SFIHAHIDHO HifeT:
x23,x+y25x+2y26,y20

10. T 3@l & SAad Z = x + y %1 SATIhaHRT Hifd;:

x—y<-1,x+y< 0, x,y 20

12.3 e wumT gEEedt & =T W (Different Types of Linear

Programming Problems)
& Hewqul asw e e e gEies 7
1. ScTEq Heielt I 59 YR &1 qoensti § g9 od & @ fo fafa= samei
o foham 1 9AH ¥ Uk Mfv=a SR, 79 o6 =, yoish 49 o i § =9,
97 o T, T HERU TRM H Y STRA i WA o foau T afs &1 3fte
T Ed gU AHaH Ay HArEn S Henl
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2. IMER Heehh TR 39 &K &1 guee § g9 96 #d & fF fafi= yar
o HIZeh/dIve T SMER B et 7 ¥ o fory wmd foras su @t divek aei
1 AT ELAF W HH H 6T ARG T U 2

3. uftegT et Tue 39 YR &1 99ened | eF uiesd gumel & 9 &
2 foeg w95l / srEn 9 fafv= sl w frog fafa= s o Sared! ) 959

T qfteRd =99 =[Aaq Bl
9 &8 W YHN 1 F9 as WumT aEnst & gt w Ay

(BT Heieft HHET): Th RN fo=iHl <1 TehR o WAl ohl 36 Yeh i
=edl ® o fasror o faaifid A ses &0 9 %9 8 A5 3R faefim ¢ &1 ues &n
T HH 10 A 2l 9 18 2 7k foeifid Al kg @R 1 Aees faeifim ¢ ufa ke
2| S ey 18 1 7ok foifid A uf kg 31 2 |k foefim C ufa kg @1 fen
2 o ufd kg 959 I @l & Rs 50 3R Wid kg @53 111 @lcd § Rs 70 o7
£ T WhR o s 901 1 <[FaH qod 1 it

AT fop fhgon & died 11 xkg 3R 999 [T y kg ©1 T02d: x>0y > 0. 89 W&
sAtrsl 9 Fr=1 groft o 2

ESi6) 9 aTe ATAIHAT
I II | ("ot ®)
(x) )

faarfim A 2 1 8

(wrrR/kg)

faarfim C 1 2 10

(wrh/kg)

@rd(Rs/kg) | 50 70

<fer fagor o foerfis A &1 %9 @ %9 8 95 IR faerfi ¢ o 10 7 e
=1feu, ar@: Frafafad ey 9w en &
2x+y =28
x+2y210
9 19 xkg 3R 959 11 % y kg TRIST 1 el oA Z © el
Z = 50x + 70y
Fd: T 1 TS GeeR fEfatea 2
01 e} & efaia

2x+y=>8 - (1)
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x+2y>10 . (2
x,y=20 .. 3)
Z = 50x + 70y =1 =ATHIHUT hHIfST
STEHIHN (1) ¥ (3) T o Aor@l g MR gua &= &1 sepfa 12.7 | <@
T 2

Y

AT fog | Z = 500 + 70y

0,8) 560
(2.4 380 < | =
(10,0) 500

3Rt 12.7

Tl &0 Ed € T gHTa & e 2
& A fagat A0,8), B(2,4) 3R C(10,0) T Z %1 WM FM HTA B

groft ®, f9g (2, 4) W Zh oW HH HE 380 7, 1 €H HE Hhd B (o Z A
=[aH |/ 380 B (2) AR ST o ged & e 21 sefee ey Fefatea
STHHIROT 1 3Ter@ BT TS|

50x + 70y < 380

DI 5x+ 7y <38
S 3 ok T fop o srdieRtor gr1 i giomdt gen sifaer, gama & o @y
FE SwafTs fog W@ 21 erRfa 12.7 o &0 3@ € T 7@l +E swats fog ==& 2

ad:, g (2, 4) W Z 1 99 AW 7 380 T THAT ARR fIR Y g
Heo] ST 99 T W1 2 kg 3R 999 11 % 4 kg o THE0 S99 1 81 Wbl 2 3
T A1 ok Sidd THAY 1 =Fa9 god Rs 380 B

(3T TUE) FEFl ) Tk W) 9ifd & 99 < $Eal X 3K Y &
ST & fow 50 BRI 9T 1 wEell X 3R Y § Ufd eI o9 w1 %A Rs 10,500
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3R Rs 9,000 &1 SFHM oM T 81 ®HeAl X 3R Y o faq sraqor fesmr & fag
S-S % &1 HHN: 20 forex @en 10 forex wia 3R W fman <imr 21 5@
sifafte o g 9 St Wil 9 Hag drae e sl @ wsfesi o
STeF-YX& 3 YMehARI i |3 800 TafeX W 1fiek 9 21l Yoish F9d o fa TRl
qfH w1 ST BT =T dlfeh |iHfd oF Fehel o9 k1 SIfEehadleRiu] fohan ST Heh?

TM foh X FHA o fg x 3R fH de1 Y F8a o y R fH 1 W€ gl
21 Td: x>0,y 0
X ®Hd W 9fd 893 @19 = Rs 10500
Y 8@ R 9fd 8T @19 = Rs 9000
AT a9 = Rs (10500x + 9000y)

THE 1 TR gt e 2
=1 sl o S
x +y <50 (H Farl SHawe) . (1)
20x + 10y < 800 (MR 1 YA Haell Serie)
DI 2x+y<80 .. (2)
x20,y20 .. 3)

Z = 10500 x + 9000 y =h1 3TfeehaHIehiul hifST
9 TR (1) W (3) %k il e/ o 3ferE @ied 21 3Rt 12.8 § gHT
&5 OABC ! Mifehd fe@mn wn 21 Fiemn wifse f gema & 9ieg 2

A fog | Z = 10500x + 9000y
0(0, 0) 0
A(40,0) 420000
B (30, 20) 495000 < |3ifeRaH
C(0,50) 450000
x+y=50
3TTHfa 12.8

A faget o e wuw: (0, 0), (40, 0), (30, 20) 317 (0, 50) T S2¥F e
Z = 10500 x + 9000y =1 HF T 36l T R =1f8q aifh 39 Y ! A1q foran <0
Hop fore w0 sAferay oy g 2
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31d: |iHfd S X Ha o T 30 BeRAT 3R Y BHA o 20 B ] e B
qifeh 3Af¥eRad @9 Rs 4,95,000 T &1 Hehl

IS Gaelt e (Manufacturing Problem) U fatoreRal seuAt TR
3R o I A (WAEE) A SR B ST 1 A A T Yo T SHH o faw 9 9w
3 S | w2 iferst A ok fAQ @ € Sefh AT B o Uedeh W oh SHM H 12 9|
oS AU WISl W W 3 W U i SAEvIhdl Bl @1 9 92 uifet S o fag
YT S 9 TS HUR: 180 T 30 T FHUA FLA A & FAF FT T Rs 8000
AT FUAT B o Yoish T W Rs12000 kT A AW T T A 3R T B & fhed
T =1 3rfehan @y U o faw wfa 9w i s =few? wfa awre sifusan
GIENC Y

M AT R T A 6 T Y W& x € A1 THAT B ok T ! HE y 2
THAT el @9 = (Rs 8000 x + 12000 y)

37 Z = 8000 x + 12000 y
e IR I Y& FHE 1 o g Efated @
= HaUl o ST
9x + 12y < 180
DI 3x+4y <60 (T W FEH) . (D
x+3y<30  (9fferer 1 auy) . (2)
x20,y20 (U SHEH) .. (3)

Z = 8000 x + 12000 y 1 SAfehawTh0] hifSIq|
s sfieor (1) 9 (3) gu fuifa gaTa &5 OABC (wmifsd)
Rt 12.9 W fe@mn T B e G T gEma &9 uRag 2l

3x + 4y = 6020
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oI I f9g W SEYT o Z 1 HH 1 UM 1 TE © S o e wweft
ﬁ’ﬁ@mw%z

@A g | Z = 8000 x + 12000 y
0 (0,0) 0
A (20,0) 160000
B (12, 6) 168000 < | aAfrehaH
C (0, 10) 120000

&1 39 B (12, 6) W Z 1 1feshad 99 Rs 1,68,000 I €1 31d: shaT sl AT A
e 1277 91 THAI B S 6 T o IR W ATRTH ¥ HAM & AU e =@fe
#R s1fushad o4 Rs 1,68,000 MM

WM 8 YR o Hied P 31 Q i 56 WehR foerr =edi € fop fagror o faerfim
sTEFEl | § W faeifie A ae 11 \eek faerttd B 811 |59 P&! @ Rs 60/kg
3R 9T Q&1 A Rs 80/kg B1 Wisl PH 3 Hsieh/kg Taifda A iR 5 ieh/kg
faerf B @ wfeh Wisa Q W 4 Aih/kg Toreifi A 3iR 2 Wieh/kg faeifdm 21
THsI07 Y =[AAH ARG T4 TS

Teh YR o heh i 200 g 31T AU 25 g @1 (fat)h! STEvAHA Bl € qeq
T YRR ok heh o ToTT 100 g ST12T AT 50 g ol h1 TSIl Bl 21 el
1 Afrenan we Saiel s 5 el o1 e | frell @@ W W9 "ehd €, 9 WH
foran e @ T bRl Bl oMM o T et ugrel Wt e AR @

Tk AR § 2 & ohe a1 fohore & ool 994 ©1 T 39 he I H o
feru 1.5 = Aifer wFa e 3 52 RIeUshR 1 ¥7Y o1l 21 Tk fhepe aodl
AR HE H 3 H AR 9T a9l | s Rk ok W oal 21 W e
T swrEn ¥ fafa= 95 ® Syasy 9 W o 42 5 3R ReusR 9 6
24 T 9 1R Y B
(i) el @R aoctl i fopal G | o Y difeh shR@mT i eradr o
w2
(i) afE Yohe 3N Soed T o9 HHY: Rs 20 e Rs 10 8 o HR@M @I
AT A4 (A HITSC A HREF T &7l § e

T FmforeRdl 72 @i dice 1 fmio wtar 81 % Yehe 7ef o i o A A
T Ueh H SR YA B W 3 S W AT USdl 8, Sih U Yehe siee o {0
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T3 H WEiH A W SR | S WYF B W %M T usdl 2 °E e 9
Rs 17.50 9fa Yehe 3R sicel W Rs 7.00 Ui Yohe o1y sl 21 AfE wfafes aqefif
1 Y ST 12 WS fRA WU Al Y (A2 SR diee) o fehad Uehe
Sanifea fepu W aifep eiferenad a9 @ ST Hehl

T @M H 3 YR o U9 A SR B 994 21 ek o Tmior o < #eiHl o g
1 STETIHAl Bl 2, T Tk T 3R gEl e&ie €1 U Yehe U9 A
o i o 4 fire wrEife 3R 6 fire exqenfo w9, aen T Uehe U= B
o frmfor o 6 fire wrnfor 31X 3 fie e w9 1 e g 21 geis
T3 ferelt off o o foru eafreham 4 =2 &M o fog Sy ) fofar 9= A
o Ycdeh Uehe W Rs 7 31X U= B o Yieh Yohe W Rs 10 &1 @19 A &1 I8
Hd gY 6 swrar ¥ fia asft 9= o Yehe faes S €, 9 i e wfate
fopem tene Tl =il o se Sd o oy etfiehas g1 aen Siferdy oy Ja
it

T IR UM FHia USed WY SR WehEl o WS &l 81 Yodsh o o |
Teh T / e 31 Ueh W &1 Savashal Ugdl &1 U ou o fmior # 2 52
TTE/hTe 3N 3 HS TR i SAE9Tehdl Bidl 8, Seish Uh 38 o fmior & | g
TIE/aEA 3R 2 H RN &l Evdsd 8l @1 W & wIH gfdied
Fferehan 20 °2 3R T/ i 7iA ylafen atfusan 12 = & foag sy
21 Th iU ! Tkl W Rs 5 31 & 9 &1 fae! W Rs 3 & o9 gl 81 98
A gy fop Tt ffifa o ik v fass W 2, @ =@y 9 fmi & gt
el A ST TR oy fieRad 812

Teh ol wiEge & 313 Wfa fag o1 fmfo ot 21 A 961 & vfa wfa fag
o fmior 7 5 fie e @i 10 e Sied o o' €1 B WK o wia Hfa fag
o fau 8 e ed @R § fire Sigd & o €)1 fean mn € i wred & forg
e G 3 ¥ 20 e qe Siigd o fau 4 512 Iuesd €1 Uoksh A TR o T
% W Rs 5 3N 9% B oK o Tfd 98 T Rs 6 1 @14 €M1 21 T HifSQ
o6 o9 o6 SfehaHiel o fau Y&ieh YR o fohar-foran wgfa @l &1 &9t
g feior g =nfsu?

Tsh YRR & b o ol hoge-Ueh Sehelq AT 3R TEU Gt g1, foreht
FI0d FHAI: Rs 25,000 3T Rs 40,000 R, S= k1 AISHT 161 1 98 STIAM
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RG]

ol ® o gl ) et WifEes Wi 250 A W tfae 2 gy WeRR
o RO ok A k1 HEAT H hifoQ o WEMR $Aferehas oyt e o forg
TE w1 AR 3T T 99 % faw Rs 70 @ @ e T2 ¢ iR ik Swhefw
T W SHAT AT Rs 4500 3R Gided A W Rs 5000 <1 |

T 95 70 | H U HH 80 W I A #IR 100 W @i g =)
T YT % Wi F, 3R F, 39c 21 65 F, %1 @ Rs 4 Ufd #7506 3R F,
1 AN Rs 5 Ui 756 21 959 F, %1 T S | w7 o FH 3 W e
AR 4 T @S 21 F, 1 9 S | %H W HE 6 W eI A SR 3
ek @il 81 $8eh! T G GHET Tl o €9 § g FI90) ST 38R
1 AT Yo I i, few 57 31 aeai w1 fagor @ 9 SHY =gAan e
acl 2l

T YR & I F, 3R E, 21 F, H 10% TS 317 6% B 3T Tl e
F,® 5% TIgeoM a9 10% BRhiies ot g fagt =1 feafaet w1 wdam &
o YT Uk fREr € TR S9 e1o BEe & T 14 kg TTEiSH 3R 14 kg
HIEHIT ST 1 STERadal 81 afc F, %1 HIWd Rs 6/kg 3T F, ®1 ®1Aq
Rs 5/kg €, % FhR o1 Feha1 Solteh ST ok forq =1feq arfer =am Joa ™
ifisd dives e el Weh| =[FaH T S 2

TAfafEa sttt MemE: 2x +y <10, x+ 3y < 15, x, y> 0§ FHiRa gam
&5 % &HE 950 (0, 0), (5,0), (3, 4) 3R (0, 5) Bl "HIF Z = px + gy, S&l
p,q>0, p A1 ¢ o Toau f=fafaa o #F wiaey sfaa 2 @fe Z @1 stfesay
(3,4) &R (0, 5) IF R =feq g 7

(A) p=g¢q (B) p=2q (©) p=3q (D) g=3p

(3TER HHE) Teh STRREE QA 954l P 3K Q o1 SYANT hid gU T fagm

ER AR hTal 81 A9 P o1 s Uepe (Fem 30 wm efafde ) o shfesem & 12
U i el o 4 HIeh, Shioidl o 6 W 3R faafid A o 6 Ao sidfae @
e SH W oh WsT Q ok Uohe T oh{evIH e o 3 W, g el o 20 W,
I o 4 Tk 3T forelfde Ach 3 WEleh fafet 21 3MeR § &H ¥ %8 240 A5
i, Wi T o o W Y 460 |, 3R HIeeeiel o e ¥ i 300 W
T 1 Ui WIS ok TR Uokel w1 SUAI fohal WY aifeh MER ¥ foerfid At
T W1 A9 fRan ST wen|
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o T Wisal P @i Q o Uehel @i HE&A HEW: x 3N y B| TRA: x>0,y > 0.
Wed GHET 1 T P e R

11 =eRi & siavia
12x + 3y 2240 (shfevr™ &1 =e@e) 1efq. 4x +y > 80 . (D
4x + 20y 2460 (g ac T HeRe) Al x + 5y > 115 . (2)
6x + 4y <300 (RITRIIA T SFERH) A 3x + 2y < 150 . (3
x=20,y20 x20,y20 . (@

7 = 6x + 3y (92 A) o1 =IAdHIRT0l hifSQ)

STEHEN (1) ¥ (4) T 1 Aor@d =edl (1) ¥ (4) % o ST STepfd
12.10 & <=1 T 21 SEE YA G &5 (SEifhd) W eaH e s 9iEs 2

x+5y=115

sx+) =gy IS0
3TmeRta 12. 10
s fagati L, M @R N féumies s99: (2, 72), (15, 20) 3R (40, 15) €1 57 foga
W Z 1 " efataa o § fen w2l
A fog (3) [ Z = 6x + 3y
(2,72) 228
(15, 20) 150 < | =i
(40, 15) 285
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Aot @, g9 Z %1 9H fag (15, 20) W A9 9 21 31 GHEN H oW IR &
e faafi A &1 99 =Aa9 99 S SR 95 Pok 15 Yehe iR 9id Q% 20 Yehe
%1 ITAN faRY SRR & Yad ¥ fohan S foeifid A =1 =Fa" 91 150 |E &1 &6

IAEA Gael queEn (Manufacturing problem) Tsh 3R % HREM
o ot "efie 1, 11 3R Lot &1 99 1317 11 sifeenay 12 518 qh S ST o e
Tl g1 Sefer qeiA I il &9 © %9 5 s =or =g Ffossal sheret 3 YR
o | M 3R N w1 ScIe ohidl 2, 58 Yeieh o S § il el ol STrereehd
Eidl 21 M 3R N oF Yieh SIS o Ueh -1 S § diAl H9iAl o §d o 999 (52
#) = fofea arolt o fgu €
IAE | WIiE W o wuE (EE H)

I II I1I
M 1 2 1
N 2 1 1.25

€ I M W Rs 600 Wi 7 3R 30§ N W Rs 400 Ui 7 &1 W o9 HHW!
21 A BT TR Suek weft S forek S €, SRt Seae R ®, a9 S e
5 g% SR & o T &1 S fean s, foaa ey &1 eAferarieor &2
TR A oMY 1 B2

T o Searg M 3T N & 77 sl W@ HE: x 3 y 2
IR T pad «dH = Rs (600 x + 400 y)
T HHE H1 MO PEes w9 fEfated 2
Z =600 x + 400 y &1 SATRAHIHIT HieT

ERR=CUEREtTiea i
x4 2y < 12 (W91 [ R Sel) (D)
2x 4+ y < 12 (W 11 R e . (2)
x+%y25(tl'$ﬂ=[ 111 T SER) .. (3)
x 20, y20 (@)

& el (1) W (4) o1 3@ oid &1 3Mepfa 12.11 ¥ @ mn gum
ABCDE (s™ifsa) € fodsl =qeel (1) 9 (4) @ g7 Freiifi fean mn 21
STeeih Hifee fof gaTa & diag €, w1 fagstt A, B, C, D 31k E & fdsrish s
(5,0) (6, 0), (4, 4), (0, 6) R (0, 4) T



atreRfa 12.11
T i faget (3fef) | Z =600 x + 400 y w1 7 F=fafea wrofl # fan mn )

AT f6g | Z = 600 x + 400 y T WA
(5,0) 3000
(6,0) 3600
(4,4) 4000 <—
(0, 6) 2400
(0,4) 1600

Haw W 539

0 2@d € fh f6g (4, 4) Z &1 Afuehaq WM B1 31: ScAKeh ] A(Hehan
Rs 4000 &Y HAM o T G&eh IS o 4 T o1 STARA Al =Teul

uftags Geieh WU ( Transportation Problem ) P 3R Q3T WM W
T @ i g1 37 A W "EE A, B 3 C W fem fF few 99 Wi ®1 39
foul o1 Wrifgs AeRaehal HAY: 5, 5 3K 4 GHH S 97 2, 5« 5 P3N Q I
T HR@MT 1 IET &Har § 3T 6 =7 2l

wid 1 gieed = e wnoieg 2:
/e T (Rs o)
A B C
P 160 | 100 | 150
Q 100 | 120 | 100
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Y% HREM 9 fohdd T MM Yok feul sl o= S e afiesy = =ad 38172
e qierg =g =1 B

1 ST 12.12 §N 3@ EE1 i frefafaa 9 ofem fhar s wenar 2

aTmeRfa 12.12

AT foh |1 o x T 3 y A 1 HR@MT PH wHY: A R B feul i g @ qd
(8 —x—y) 7 &l C fedl @& w1 S (F:i?)

T x20,y20 3R 8-x-y=0

?ﬂﬂﬁ x20,y=20 AR xX+y<8

e foll AW WM 1 WEsd AE9Ihdl 5 7 21 s P HR@H o x T
feql A &1 99 S g € 3HAT @M QW (5 —x) T, foul Al 9 SIuw| wyed:
5-x20, 31 x< 52

TH WHER (5-1) 3R 6-(5-x+5-y) =x+y—4 77 HR@H QW HH: f&ui B 3R
C ! d S| :

5-y20, x+y—-420
?ﬂﬂﬁ y<5, x+y=24
Tt aftess =@, st Z g/ e e € e 2
Z=160x+100y+ 100 (5-x)+1205-y)+ 100 (x+y—-4) + 150 (8 —x—y)
=10 (x—-7y+ 190)
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TfeT wHe T ®9 § frefaiad €9 9 99 ®1 ST Sl o
11 =gl o Stara

x20,y=20 . (D)
x+y<8 .. (2)
x<5 .. 3)
y<5 . @
x+y=24 .. (5

Z =10 (x — 7y + 190) =T =[ATHIHLOT HIFTY
= (1) ¥ (5) g i sk 85 ABCDEF 9974 &9 & (3T 12.13)

IR Hifey foF gaTa &5 IR B GET &7 o i fagen & fdere
(0, 4), (0, 5), (3, 5), (5, 3), (5, 0) 3 (4, 0) Tl &X 37 fagan W Z a1 IH o & B:

A" g | Z=10 (x - 7y + 190)
(0,4) 1620
0, 5) 1550 < A
(3,5) 1580
(5,3) 1740
(5,0) 1950
(4,0) 1940

Iroft ¥ o el € R 95 (0, 5) W Z 1 =HaE "1E 1550 R
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3T TaH Ufteed ffd & @R SR@M P 5,0 31X 3 7 3R $R@H Q9
Foel: fedl A, B IR Cah 5, 0 @I | 7 o Sam 56t feerfa o wma =g aftaes
9 Rs 1550 I

IRV 9 W [ BN ARR § f9aifEm A &1 91 &1 fushadiaor & &
U Y 959 o Tohad Uehdl o1 SUAN BT =MET? ER H foef= A &t
STfreRdy WS R 272

e fohEM 3 YRR % TR P 3 Q = T (fagor) 81 P WhR & =R, foeen
e Rs 250 Ufd e Siifeh Wiveh 9 A o 3 O, Il B & 2.5 HEeh 3R e
C % 2 T Tl © Sk Q Wb 1 9N S&eh! Hof Rs 200 ¥ St 7, die
T A W 1.5 TSR, 9 B W1 11.25 HEh 3R de C o diF "k W@l gl
Uik dcl A, B, 3R C 1 = STeEedehdld sha¥l: 18 A, 45 A 3N 24
Ok 21 9o YR oh Ol o1 HEIl T HITSY difeh a0 oF Yodeh Ol o
oI A 81?7 901 o ek &l 1 Aad Hod o 87

Teh BRI & WohR o WAl X 3R Y %! 36 e et =mean € fon firsmor o
foafi A, &1 %8 9 &8 10 A6, T B &0 § &9 12 956 3K
Foefit C#1 8 T A 1 ke S fref # wm frefatad i § <
T 21

g | faerfim A | faefim B | faetfam C
X 1 2 3
Y 2 2 1

95T X ok | kg %1 Hed Rs 16 3R 959 y o 1 kg o1 e Rs 20 21 afsd &R
o fau o w1 <JAaH Hed [ ity

e THial € YR o faeH A 3R B s 21 39 Sevd & fog fmior # 9
T3 1 SMETIR TSl & 3N T YR o Taeiq o faiur o fore o w5
(el #) fefafea 21

fad™ & T i
I | 0 |1
A 1218 |6

B 6 0 9
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Yk T AR 6 He Wiafed o o Sueed 21 A A YR o TaeiH w1
fah! 9 Rs 7.50 o9 3R B Yok & f&@eld 9 Rs 5 o1 o149 & d <913 oo
SRRy 19 FHM o fau gfafed A YR & 15 fgdn 3t B 9sr 30 faem
faffa em =nfew

Tk B SIS SAfRIehan 200 AN 1 A3 HU Ghdl 21 Toe Yo 9ol &
feshe T Rs 1000 3 W& S0 o f&he T Rs 600 1 o9 HHA S Fehal 2|
TS 9 § HH 20 i 999 Sui oF fau SRR ot 21 aet gem Soft
1 308 W ¥ HH 4 T I TEd G0i & fehe W A0 wE & g <
I HISC 7 g TR & forad-feran fome a9 0@ aifer o9 o1
SRRl B1? eAfuehan e feha 22

T 3= el A 3 B &1 9Nl el %9 100 feead 3R 50 feea 21 5%
1 T 1 gHEl D, E 3R F W 3= SUeed Al Ygdl 7, fSHeh! sesaendy
HU: 60, 50, AR 40 Tz

Jerl W g wi i feed uiae =19 fe 9noft o 3rgER ®:

gfa fereieet uftags == (vu=i #)
calkl A B
D 6 4
E 3 2
F 2.50 3
Ufee =99 & <AaHRT & fag eagfd 1 ufeed 8 fhar w? =Han ufiged

T 1 72

T dd HREM ¥ & feul A 991 B €, et emand e 7000 Tt 31K 4000
faeX =1 €| HREH g) €19 U2d 99 D, E 3R F & fo smgfd et 2, fment
HTETIHAT AT 4500 foeT, 3000 feret 3R 3500 forex = 21 foul 9 Ueiar v
T <fe (km #) Freite TN & oER 3

W (km®)

o/ H A B
D 7 3
E 6 4
F 3 2
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RG]

T Td gY o IRees = w10 forer w wfa feredfier | w9 2, 9@ sifse

o Shet ST oM ST9ATE ST, e afes =19 w1 =AaHTT & Se? <A
=9 F 1 2?2

e el ScEe 3T A | S YehR o @R PSig 3K Q SIS w1 SYANT Y Hehdl
21 fasror & wes gt o AESieH, BehiRen e, 1 SR aARiA 1 A (kg
H) groft § o T 21 wlieror Gehd <9 @ o O 1 9 W w9 250 kg BRSNS
A, HH W HH 270 kg U SR FANH i fuss W sifusk 310 kg I
SETTIHT 2|

Il IcqEer A o T fers S et AEels sk A Sl =AdHI SR ShE
=Tedl € 991, Yk fagor & e Sel w1 Sy g =ifew? e S el
TESISH ! FreTaw wEn o B2

kg yfa dem
die P | &g Q
RIECISE| 3 3.5
Earsaite | 1 2
YT 3 1.5
FAN 1.5 2

SYUH TR 8 T &AM I AT IeIEeh a1 | THelg ST aTeit Ages ahi HI=l
1 AAfuehariehLol =red 8 91 o foras el o1 T s =nfew? fiers
S Al TGS Wi SAfehad | S €2

U fEeln shet, A 3R Bl YR &1 el w1 fofor et 21 mifdhe qderor
AT SUAS GO | Geha firerar @ for aftnfaa Saaed =X wfa gwe 1200
Tfeal o erfrer T2 BT =T SR B YR 1 il it sifuss 9 sifus wiT A
YRR &1 IREAl w1 Mt 21 3ok Sifafted A YRR T fEAl 1 Sced TR TR
YR 1 TIFEAT o SR TR % dF T @ 600 T 3ifHs 21 AR HI A IR
B ycds TfgA 9T HHI: Rs 12 AT Rs 16 &1 @19 HAE 2, AT H
SRR I o TAT Yok oF fohd- 1 o1 AIwligeh Icd&d Al AMMBU|
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T e T G 98 9 € S e =R o A@eh %o o Rad HH
(SAferhe® A1 =[AH) 1 T T W Gelleid Her i Se9d Bl Thed g S
ite 7E 81 o =R RUR 8 IR sk sraHiel (St Pasw ey wed
) ol e HW Bl = hl wefi-shedl Fofaes = wed € 3R FORK 2|
9 TEEYU @d WU g feEfatead @

() SRR Hal J9e

(i) STIEA Hael o

(i) IREEA He wwe
et sFerel I RO el x> 0, y > 0 g i Swafis &, s
G W SEE 1 G &9 (A1 89 9Y=99) hEdr 2|
GETd &5 b 3Ad: 9 o 91 WA fog oHe o GHTd gl sl YERid i 2
GHTA &5 o W@ WN o feRdl off fag ol SETd g hed 2
UTd &7 9 Fi5 fog S 329F Her o 3RaH HF (STReRad A1 <AaH) Th
%1 2 o 39 e B Hhed g
ffafad wie 3fas W aaenst o e S & o SR ve o
THE 1: | TR R U aeh S w6 o T gEa e (S 9gys)
2 3R HA T Z = ax + by 3299 o B1 N6 Z U $5ad HIA ( 3TfHehan
o =) el B S ek SR =R x 3R y R e & w9 § wfvfa
2 9% Seqq "M gET &% % U s fag () w g & =
THF 2: | foh R U Waeh Wi 9 o foe g &5 (39 9gys)
%ﬁtnmfmrzmﬂbye%ww%lmq&Rwﬁa@%aamw,
RE Th atfaread iR T <Aad I & 3 € 3R oW ¥y g R
HHE fog () W ferd g 2
I GHTA & SRes T 99 fushan A1 IAae fie § T o € Hehan
21 qenfy =g =g oifeded & & @ @ Rh s fag W feerd g =ntew)
=i fog fafa: & fas w7 =i 70 w0 & fau 7 f&afa f= o §
ERIECRACIRS

(1) a U GHE & GHT &5 H1 A IS q91 36k hiHg g

(¥frel) =1 F@ it




546 I

(2) 9 HFAE 9§ T ILZT e Z = ax + by T AF T4 HieQ| HH
Aife &7 fagenl W stfushay iR =Fan 9 $He: M ael m

(3) A YETa &5 IRag €, @ M 3 m HH9I: S99 o o SAfehad qel
=[aH /M 2

Ife gET & g ¢

() SE¥F Her 1 M SAfehad 5 € 9% ax + by > M o gr1 Fifa e
aefae GETA &3 o WY B SHATS fag @ W@ 21 e Se
o 1 SAfehad W el 2l

(i) SEFT B HT FAH TH m € AR ax + by < m gR1 T @en
aefael 3R GET &5 § S fag SHAMTS e B 3T S2YT Hor
I = °H T 2

I GHTA &5 o < I (653l 1 3 WM U & Wb o @ 37efie <Al

TEI AR A AT TF YSH S @ 99 3 SF faget 1 fier 9

@ o R off fag W ot SHt ghR 1 3= T 2l

i fova g o, W9 g5 woed &t dem o, foem R ooget =t
AT =9 W Afushan e ugd, Es wme faf sfee o o)

faw dAmeH % &9 o JUH GIUHA 1 g9 S TEE L Kantoro Vich el
ST Sefeme FL Hitch Cock 7 1941 H fhu| g1 7 @as €9 € & foman
TH YA W1 URERA-HHE] oF AW W S TN E 1945 H SN ARt
G.Stigler = Y@k TH THEN, o 3faid sweq SRR Helell THEN w1 9ol fhan|
¥ 1947 % GB. Dantzig 7 Th <&al qui fafer s fuerem fafy s AW 9 ufeg
2, o1 goa T s Wash Gume qeeet i Wi g § g H ol w9
fafy 21

e giume fafy @ arfges el %3 o SR & 1975 § L.Katorovich 3R
SRR U ARt T.C.Koopmans i 3 I § Al9d JWRR Y&H foha
T IReher QT STERas HIeedR o STNTHT oF |1 T &3 hl Sl qHEsT
¥ ek G wlafd o SIEEn o ST Jhg 8 © Rl




- 3
(uTf&reRaT Probability)

+* The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE +*

13.1 91;&!3'7[ (Introduction)

& 1 heet B g wifahdr o fRE agfeed wlemr |
1 SISt & wied € H SAFREaar S WY & €9 H 9@ |
ol B ®E AT TUA. sieHiuE (1903-1987) gN
wiifea sfqyfedia gftesmio 1 =i fman an 31 wifshan
! el ok R X gRYIYd wed o ®9 § Ed
fRen om T wmderer ufomdl &t gen o wifaear <
arffedi gfteshiu 3l st fagia (classical theory)
¥ FreRa o TONfAq FY ol TH TEHA S STUR W EE |
s wiaee! qfte T s 1 Windr I 1 ol se | ——
witrehar o A T w1 ot sremEe T 21 sH s W Pierre de Fermat
29 fopdl =2 1 |ufaa® Wifdekdl (conditional probability) (1601-1665)

e 91 ¥ o= w3, Safeh forell o= =21 ok =fed 8H 1 YA AR UM 8], 901 39
WWW@W@W—W (Bayes' theorem), IfHehdl =1 TUF 1=H qel
Wﬂﬁﬁf%ﬂﬁﬁﬂﬂ?ﬁlWWﬁ(randomvariable)WWWW
%1 HEwIqU] STAHROT ki ot FHS a1 fRHl WIfdehdl Sie o HIE (mean) & JHIUT °h
AR " ot UgU| S1eAE ok SAfaH STIURT § BH Uk HewqUl STHdd Wifdehdl ded (discrete
probability distribution) & SR ¥ 4g7 & fgug sie el il 21 39 1A H 89 0™
wlteror o7 oo IRome wHHaTed B ®, S 9ok foh e T el T el

13.2 wufaser urfaerdr (Conditional Probability)

1l ok B TRl w12 T WIfehdl T e W ==l b1 21 9 g TRt wides! wmfte
1 q TN <t TR <, A 9 FRE Uk Tl % wfed €N Rl Yo 1 g AR el

"'.i et s i'" e ﬂ_'ﬂ.. {
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&1 WIehal W Ygal 87 SAEY 39 Y o ST o ¢ U Agfews qiem R faer ol
fSrereh aftom wwewE €
ST 37 9 =12 (fair) THaR] 1 IV o Weiv] R foaR ST 38 wiefm
=1 gfass] wfe %:
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

WWW%,WWWWW#WW%@#W%W

HT Hhd 2| TF AICE 51 “=an 3 o wehe B #IR F e “vEe faaes W
w2 yfela e %t frefaa s )

GE| E = {HHH, HHT, HTH, THH}
3R F = {THH, THT, TTH, TTT}
ELIGI P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
1111 1 .
“syss 2™
3R P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
i
8 8 8 8 2
ey 7 En F= {THH}

gofl  P(E N F) =P({THH}) = %

e O wifeie &8 faan T R veel faeeh W 9 wehe g1 © Sreiiq SeF
Hfed g €, 99 T E 1 Wiftehar 0 2?2 F o Hfed 89 &1 o R 98 ffvea g &
E %1 Wifderdl 1 3 o fau 37 gfaest fagsti o fomm w1 fran smom 59 ueet
el W 92 Tel €1 521 E o e 30 ge @ waeel wmfie S o sea 56 Sue=
F o1 T 21 o1 ol o, 59 efafie g 3 o 9de § I9g ware € f e w6
U U ¢ F5fese q0e1 o ®9 § THgE] Afee foaen yiaaet wnfte shae 39 afkomi
1 W= ¢ S fF weT F % oEa 2l

CC F o o8 wiaeel f5g <t E & ot siqepe 2; THH 21 37
F ! yfagel @ufte A0 gL 921 E &1 Wifdehal =

1
4

70 Fw%mmwﬁmEﬁmzi
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el E %1 9 WIfehdl o1 Hufde®l UIiiehdl w8d &, STaih 71d & T =21 F sfed
& TH! ¢, 3R @ P (E|F) g0 <30 2

1
3191q P(E|F) = "

e HIT & F ok 9 31e@d S el E o +ff o7kt €, E 991 F ok 91l el
e €, A1 E N F ok whaeel fag )

31d: &9 S E 1 Wuidsel Wifehdl, Siefeh 1 € foh se Fowfed 81 gl €
74 YR § T X T 2

(E F) Tqpa ylasel fsgeti ol den
F o 3T epal yfasel fegetl &l wean
~n(E F)
()
319 3% 9 B HI Ufasy] Wi o sTEEdl *i $d §el ¥ fauafsd s | g e
g T P (BF) = =1 v o fo@n st wehar 2

n(E F)
n(S) P(E F)
(F) PF) .. (1)
n(S)

e wifse fom (1) @t 7= @ S P(F) # 0 31¢fd F # ¢ (F1?)
I: B GYfde Wifehdl i 7 YR o qReitE ¢ gead 2

If% Eqen F et agfessr wderm & gfesl wwfie 9 wefua < s 2,
al F o ufed 89 1 Y51 W, E &1 Wigehar ffafed 9 9 9 gt 2:

P(E F)
P(F)

P(E[F) =

P(E|F) =

P(E[F) = , SR P(F) #Z 0

UM & T E e F fore ufaee! wofie S &1 |1 oo ©
P (S|F) =P (F|F) =1

P(S F) P(F)
P(F)  P(F)

& 9 ? fm P(S|F) =
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_P(F F) P(F)
e gl P(F|F) = PE) PO
3T P(S|F) = P(F|F) = 1

0T 2 ARX A R B wfasel wufie S i wiE 3 weA € SR F T 19 ¥ 36 UK
2 f7 P(F) 20, a9
P[(A U B)|F)] =P(AJF) + P(B|F) — P[(A " B)|F]
ol &9 9, a5 A 3R B WO (el s @,
P[(AUB)[F)] = P(A|F) + P(BJF)
& Wd € T
P[(AUB)F]
P(F)

P[(AUB)F)] =

_ P[(AnF) U (BNF)]
- P(F)
(Tl o Wefts W HitHer @ ded R gr)
~ P(AANF)+PBNF)-P(AnB N F)
- P(F)

_ P(AnF) N P(BNF) P[(AnB) nF]
~ P(F) P(F) P(F)
=P(A|F) + P(BJF) — P(ANBJF)

& A U1 B TSR 39S @l
P[(A N B)|F)] =0
= P[(A U B)[F)] = P(A[F) + P(BJF)
3: W A q91 B WER 3T9esl HeAN @ d P(A U B) = P(A[F) + P(BJF)
T 3 P (E|F) =1 - P(E[F)
T dEH AR R P (S|F)= 1

= P[(EUE)F)]=1 FHifeh S=EUFE
= P(EF)+P(EF)=1  oFifsh B a1 B’ W& 3(uasl ¥ed 2
3T: P (E'|F)=1-P (E|F)

STEY, 319 /S ISR |



maRa 551
7 9 4
ISTETT 1 ?Tﬁ{P(A)zg,P(B)=E ﬁTP(AmB)ZB,?ﬁ P (A|B) 9@ wife

P(A B)

%ol g9 Wd € T P(A|B) = °B)

4
9

\\o|$\4>

—
W

SETETUT 2 U YHER ¥ 9 =4 21 A 78 T 8 o o= § 9 6% 9 %Y U o=
WgHT B, Al <Al =l o TSI B I A TRl 272
T 0 WIS b Seh i o g @S i F&id wid 21 JUeIu 1 sl wie 2:

S={(b.b), (g.D), (b.8), (8.8)}
M ifSQ E aen F sel: Frefafad seaei i <eid €

E:‘ﬁaﬁm%’
F:'o=dl § 9§ %8 9 &9 0% aSH ¢’

@ E = {(b,b)} 3 F = {(b,b), (g.b), (b,g)}
T P(F)Z%ﬁTP(EﬂF):%
1
P(E F 1
ESISIY P(EJF) = ;(F) ) % 3

o

IETETUT 3 T o H TH FE 1 ¥ 10 % Uish forg R W@ T 3R 3% Tl e
e T 50 9o W Uk e Agesdl erten At 97 9w g f e T s
W HEN 3 9 ek 8, Ol W U oh §Y BF ki o UIiehdl €7

e | oo T A B el T 1 o W HEem 2 3R B se el e e
W HEN 3 9 wer @' %l fefua % €1 88 P(A|B) T T R

39 wer T yiagel wufe 2:S = {1,2,3,4,5,6,7,8,9, 10}

e A=1{2,4,6,8,10, B=1{4,56,7,8,9,10}

3R ANB={4,6,8,10}
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4
&6 P(A)z%,P(B)=%3ﬁ'{P(A B) -
4
P(A B 4
T P(A[B) = (P(B)) 2 2

10
T gBwren § 1000 ferEneft ¥, fo9 9 430 wsfwal €1 ww 3@ ® R 430
" 10% wefnal e X1 H qgdl €1 1 wifdshar @ fr % agssan g1 e femmed
Fel XIIH Tgd € A% 9% 7@ € & I o famneff agant @2
M ST E o2 argesan g1 T fawnedl e X118 Y ' 3 F o ‘agesa
< T fernelf wigept 7, 1 = ® 21 8W P (B|F) 91 T 2
430 43

CE| P(F)= —— 043 3R P(E F)=—— 0.043 (F?)
1000 1000
P(E F) 0.043

a PER= "5 043

T 9 &l 41 91 IBTeH & eI § 92 A 91 B &l 4 ¥R 9
uftafya feran o B:

A IEH W@ R = 4 YHe T

B :'Tgcll S8 W & 6 3R T IV R G&AT 5 Yehe AT

Ifg B w1 wfea 1 f&an e ], df S A &1 wifdshar T shife)

waest wmfe 7 216 9Rom 2

a1, B = {(6,5,1),(6,5.2), (6,5.3), (6,5.4), (6,5,5), (6,5,6)}

(1,1,4) (1,2,4)...(1,6,4) (2,1,4) (2,2,4) ... (2,6,4)
A= (3,14) (3,2,4)..(3,6,4) (4,1,4) (42,4) ...(4,6,4)

(5,1,4) (5.2,4)...(5,6,4) (6,1,4) (6,2,4) ...(6,6,4)

3R A N B={(6,54)}
6 1
3 P(B)ZRﬁTP(AmB)ZR
R
P(A B 1
e P(AB) = (P B ) 2é6 3



R 553

SETETUT 6 U U I S R SBTAl T4 SR Yehe g8 WSt 1 AN 6 IR Al WeA
4 oF A9 Tk aR Yhe BH okl HUfded WIehal A shitsl

Tl M ST E 921 ‘W& 4 1 a9 Tk R Yehe A1’ @I F o ‘S gl
Tehe W& H1 AT 6 T’ I T

Gl E = {(4,1),(4,2),(4,3),(4,4),(4,5),(4,6),(1,4),(2,4), 34), (54), (6,4)!
R F=1{(1,5),(2,4),(3.3),(4,2),(5,1)}
g9 SMd © 6 P(E) = % P(F) = 3—56
a« E NF={(24),(42)}
3@ P(E A F) = 326
3q: IS FIiaehdl

2

P(E F
P(E|F) = (P 5 ) % 3
36

a1ft e B S T W femm e B e wedt uftomy wmEes 9 g wdet
o foq ea wufaee wifdekar =1 g feran 21 qenfa wufass witiesar &1 =@
oRur, =ques w9 9, 39 fufq 9 off v ) S wehdt 2, S/ Hifdiss g2 geearey
7 Bil WifFshas P(E A F) @l P (F) &1 9Reher aeq@l foha1 S 2|
R FrfafEd 3T@ 9 36 99|

IATET0T 7 Uk THeeh ol Su1e o We R fa=r sifew) afg faees = foa wee =
a fager 1 gA: So16 Wy A fager W 12 e 8 @ Uk UH hi ek | A e 'y
Y FY Th T Yh S’ HI wfed e A e ? @ (H,H)

T ‘UM W 4§ S8 W& Yhe BHI I wWfaE ﬁa(H)

I Iehal A ahited| (H,T)

mﬁw&w@wﬁﬁﬁa13.1@mmw< (T,1)

e 1 70 7 e 1 e R m%&ii

wdem 1 s e & .9
3TeRfer 13.1

(T,6)

S ={(H,H), (H,T), (T.1), (T.2), (T.3), (T4, (T.5), (T.6)}
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(T, i) <1 € 6 T8l 391@ W 92 yohe g3 3R I
%! Hhehd T HEA | Ghe B3l
a: 8 Hfeww T (HH), (), (T, (T2), "\

(H,T)

SRl (H,H) =ifer & o <1 sotefl W fod e gan 2, qen Ya_- (H,H)
fort (1) <
V2 7

3 1111

(T,B) (T’4)7 (T’S)’ (TJ6) WTo 494712’12’ 'qE‘(T)
111 1

IE,IE,IE,IE'gﬁﬁaﬁﬂfﬁaﬁﬁTEﬁTGﬂ¥FﬁﬁT%,§ﬁﬂ1ﬁﬁ

= 13.2 9 == 2l STl 132

HH o F ¥ <Aq9 Tk 9 Yehe 21’ 3R E T
‘U W 4 9 € @A Y BT Wl <9 2

Gl F= {(ILT),(T,1),(T.2), (T,3), (T.4), (T,5), (T,6)}
E={(T,5), T.6)} IR EN F={(T,5), (T,6)}
SiC| P(F) = P({(H,T)}) + P ({(T,1)}) + P ({(T.2)}) + P ({(T.3)}) +

P ({(T:H}) + PH(T.5)}) + PH(T.0)})

4012 12 12 12 12 12 4

e P(ENF)=P{(TS5)})+P((T.6)}) = é % %
1

3fd: P(E[F) = %F)F) g %
4
yyTaet 13.1

1. AR E 3R F 3@ SR &1 =eA & f& P (E) = 0.6, P (F) = 0.3 &%
P(ENF)=0.2, @ P (E[F) 3R P (F|E) 9 shifsw
2. P(A|B) 9@ ®ifsw, AfE P(B)=0.5 3 P (A N B)=0.32
3. ARP(A)=0.8, P(B)=0.5 3R P (BJA) = 0.4 T HifsQ
(i) P(A N B) (i) P(A[B) (i) P(A U B)

4. P(A U B) 9@ wifse =g 2P(A)=P(B)=% R P AB :%
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2TFr;P(A):%,P(B):%aﬁw(Au B) %?ﬁ%ﬂﬁﬁﬁﬂz

(i) P(ANB) (i) P(A|B) (i) P(B|A)
ffafad 999 6 § 9 @& P(E[F) 91d hifeg)

e ek &l o SR SSen T R

() E: T8 S8 | faa F: 9=gal M s8ml W) f9a

(i) E: =gt 3 f=a F : sAfyenas & fom

(iii) E : 31ferehaq <t w2 F: <a" 3 92

T fHeepl &1 T 9R ST T 2

(i) E: T Toeeh W 92 Yohe B B F : U foaeh W fod vehe B €

(i) E: %I 92 Yohe &l e 3 F &g Toa wehe &1 e @

T W I AN AR S T e

E: fod S W 9@ 4 Yk B

F : 9l <1 38Tell W HEST: 6 T 5 Yhe B

T i o | o, foar 9 9 a5 ws R

E: ¥ @ i W @l 2 F:fo oo o w2 €

T el 3N Th ol G 1 Sl T e

(a) 9 T YT W& I AN 9 BF HT WUGEH JIFeRdl J1d hifGT Al I8
A 8 T e 9 W 5 Wehe g3 2

(b) El R U F&AS HT AN § B hi WUGEH WIfehdl Fq SifaT alg I8
A € for o U W Y W@l 4 9 %A 2

Teh = U ] IS T B 1 SRR E = {1,3,5), F={2,3}, 3G = {2,3,4,5)
o fou ffafea F wifsa:

(i) P (E[F) 3R P (F|E) (i) P (E|G) 3R P (G[E)

(i) P(Eu F|G) 3P (E N F|G)
M o o S oiF a1l o= 1 WIgehl 1 WS B WHEWET B A fendl ufem
T < o= €, dl Sl o=l o @geh! BN i HufqeY Uidehar o ®, 9 7 e
T € R () S Bl o= weSt © (i) a9 Uk ool dgeh! 2
Teh Wi¥TeTsh o U 300 F/3T9 TR o STHM 99 200 /376 YhR oh
Hfa 99, 500 Ig-Torhed™ YR o M Y 3R 400 Tg-Tashedld YR &
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e g 1 WUE 71 A YAl % WUE W U Y9 AgwsA A1 W@ 2, 9 Th
ST Y99 i1 ag-fashedd 8F i1 Wifdehar 1 8?2
7 fean mn @ T < ol ) Sk R wa wend fu=-fae € S wemett o
AN 4 BH 1 WfFHdl F1d S
Tk U & ek o Ten R foER ifew) af ue W yehe §en 3 @ e
2 U W T ek 3R AR I I WEAl Yhe €l U fHeeh i Sod|
A AT Th T W WA 3 ke B e T @ o " ‘faees W 9e gahe
BH' &) Tufaes wifaehar Ia sifewl

frefafaa goif # 9 v o Wt S I

T P (A) = %,P(B)zoaa P (AB) ®:

(A) 0 (B) % (C) gRtenfia ==t (D) 1

g A 3 B3 sed 56 YR € T P (AB) =P (BJA) # 0 @9
(A) AcB (B) A=B (C) AnB=1¢
(D) P (A)=P(B)

qH ofifSw 5 E don F us ufdedl wmfe S &1 @ seAn 1 wedd qeed
ENF < seTsii EqenF o sfed 8iF @i <3 21 379 98l § ENF "&18f B qen
F o T9q Hfed €F &1 <9iar 21 s E A F &1 EF f feran smn 21

U T SRt S EF o1 WIfSehal Sd shid 1 STeedehal Bl €1 SIedvl o forg,
T o oK U 1 FRTeR o e § g9 iy ve (T aRee $iR U T
IRl T e W gogeh € Tehd 2| ST EF &1 WIehdl o1 i o foiq en dufass
WIfehal 1 SUAN Hd B S fop e fewrEn w2l

T A ¢ T e For U M W Sed E i Wufqe™ Wiidehdl @l
P(E|F) g1 <¥iid 2 iR 38 frefafigd 9R 9 9| o3 2|

P(F) 0

ST g o 89 fog Hed © TR
P(E A F) =P (F) . P (EF) (1)
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TH A8 off 9§ R

P(FIE) = o P(E) 0
Bl P(F]E)zP(f(—E)F) (FIifes ENF=F UE)
3 P(EN F)=P(E) . P(F[E) e (2)

(1) 3R (2) = o™ @ & yrw g @ fm

P(E N F) = P(E) P(FE) = P(F). P(E|F) 5T@ % P(E) # 0 3% P(F) # 0
SRt IR w1 WifeRar 1 TUF M’ wed B SEY USSR o

Teh HeRl H 10 el 3K 5 g 78 71 < S Tk o o8 Ueh ehrell S

€ 3R wee 1% SR o feper @ Ted a9 e @ S 81 6 it o e o
q Yy e o] Fererl GHEHeT ©, dl 31 el Te el s1 o Uifehdl 272

o T E ‘Ugell shiell 1% o feper’ &bt 521 8 IR F ol whielt 1S o ke’
%1 =2 21 84 P(EAF) @1 P (EF) 9@ & 2

3 P(E) = P (Wit f7ehia o el 71 fehter) = %

a1t € fean T 2 fop el freRre o et g Fenedt @ ereriq we E wfed g €,
3T AT B 9 et g X 5 Wk 7% @ T 21 safery, SO 7S Hielt 8 HT wifehar
e foh qeelt 7S 1 el B eH T €, $9 3R &l Shaet F skl aufasr wfaehdr @

59 E @1 "fed &A1 94 2

e Pmm=%
31e WIfehal o UM FEE gRI B 9 Bl @
P(ENF) = P(E) P(F[E) = P(E) . P(F|E) . P(G|EF)

10 9 3

15 14 7
3 @ aiferen weTeil & foTT WIfehar T 7ur 9w af E, F 3R G & vfase! wmfe
1 T 2

P(ENFNG) = P(E) P(F|E) P(GIENF) = P(E) P(F|E) P(G|EF)

T YRR YITehal o T a9 o1 fa&ar =R a1 3ifuen seaistl o foag o fohan s wekar
2| Frafafaa Semwor dF weet o fog wiftesdr & TuH W 1 i TEd e 2



558 I

52 94l ol 3T=Sl TE el T8 TSl H | Wk o 918 Wk dF g fo fcrenfya
foRT ferTel Ul Bl S Ui W SISINE SN Y S SRR BN ST o1 WITeRdl @72

T o foh K s fHehren T o<1 SEe0E 8 oh! 31K A S THehTel T ON SeRh
2! ! R FW S| W=dd W P (KKA) T ¢ 2l

4
31dq P(K) = 5

g € P(KIK) 78 i B9 W T ‘ugel e T uw aeeme 27O g U
AEINE € 1 Wikehdl o <l 21 31 TgEl H (52 — 1) =51 74 € 5 f e @
3
z4feTT P(K\K):a
#ad: P(AJKK) R FepTel 7€ O o7 SoRhl B &1 Wyiaeel Wifdehar € & o 2o
T 2 fop < SIeeTE Ted € el S g €)1 3t TEEl | 50 U9 W@ MY €
sfe PAKKK) = PAKK)
Wifehal o UM FrEm g7 W W =i © TR
P(KKA) = P(K) P(K|K) P(A[KK)
4 3 4 2

" 52 51 50 5525

52 ol &t TSl § ¥ Tk qa1 e & e W foer s e yde Sifes
TS i THEHSA WA T R ARG E 99 FohEel: s feeren wn wwn fagt
2" 3K ' TehTen T U Uk ToRR1 € ] oo W &, dl

P(E)ZE law P(F) i i
52 4 52 13
Y € ‘E 3R P’ we fenren = et @ gaent B ) oFe sl €, SHi
1
P(E(WF)—E
1
P(E F 1
o PED - om g

13
alﬁfmrP(E)z%zP(E|F),%ﬂWW%%&WF&H&H@ﬁﬁW9{m
E &1 Wifdehdl W 1S ywrE F&1 Srel 2l
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7 a8 ff yw ® TR

1
PE F) 5 1|
PE)y | 13 P(E)
4

g‘rf:P(F):%:P(F\E)W%%MEéaﬁaﬁﬁﬁ?ﬁmﬁm F &t
WifHehal W I YA T Srel 2

Td: E 1 F 39 Y&R &1 " ¢ o el U 5o o vfed g9 1 Yo gl s
&1 Jfaedal W g 999 &l ST 2

T YR 1 SIS ®i ‘@A g Hed
T eI E 941 F %! W@as SN hed © A
P(F| E) = P(F) &l P(E) #0
P(E| F) = P(E) i@t P(F) #0
;39 9RAmT § P(E) IR P(F) &1 =R e AE9as 2l

P(FIE) =

39 WIfgehdl o PE W |

P(E N F) = P(E) . P(F|E) . (D)
If¢ E 3 F s w2 g al (1) ¥ g5 9 g & T

P(E N F) = P(E). P(F) - (2)

3 (2) o SYAMT 9 B I A @i wWasal & fEfafad we 9 o uftafia
L Fhd B
a1 & E 3R F fondt asfess adierr o yfaget gafic &1 < weard €, @
P(E N F) =P(E) P(F)

1. ¥ s E A F &1 Wia (dependent) ed €, af% 9 Tas A 8 s1ufq A
P(E N F) % P(E) . P(F)

2. H-FH WA HeAE SN WER Aqas "eisl o og 99 U9l 8 o 2
‘Terds HeEIS ) AR sest ) wifdRdr’ o ®9 H i TE © 5 TR e
STTerSTT SISl Y GRS CeEArE o ®Y W Sl TS 1 3Hen SifdfeR, TWER
aTaestt et o i oft aftorm @ ey 7w wehar € fohg wds seet o
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oRturs @rd ot € Hehd ®, 97 Y e e 21 T s g 3K
‘e STgerstt T w2
TR vl |, A% <) Ul T w2 st € SRt witehar IR ], | 98 e
Agastt T2 & Tehd! 21 faeima: Ak 3 YRR Wiashar el WER et s
uedl €, @ o s @l 8 Hedl 2l
T AgTese THeIUl WIds e €, 91 Yodeh S I E 3R F ok faw, Sl E
gl qUeT0T U qe F S et | Hafed €, et E 991 F o U WY "
EH 1 Wifdendr, S/ <M1 9erer G- fery sd, Wifsekar P(E) 3R P(F) & 0%
o U it €, TSRt gieper Sl et o STHR T STeT- 3T TR Sl
21 &1ufq P(ENF) = P(E) . P(F)
99 TRt A, B 3R C i dsl 8 Sl ? 4§ 3 sheae I
P(AnB) = P(A) P(B)
P(ANC) = P(A) P(C)
P(BNC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
I Sqed | W HH W Y TH O v g 8l gl @ A < S e o e
&l el S 2l

T U ] Tk aR) IS Sl 21 el LU W Y| §@A 3 Rl Sa
2, %I E 9 399 W Wi " 99 2, & F 9 fefya fean s at sard s sed
E 3R F @& 872

B WA € T 58 wderr o ufaes! wwfe 8: S={1,2,3,4,5, 6}

3 E=1{3,6},F={2,4,6} 3R ENF= {6}

2 1 301 1
Ll PE)= ¢ T P(F) <5 I PE F) -
T P(E N F) = P(E). P(F)

3/@: E 3R F a9 9o 2
Teh A (unbiased) 99 1 S SR STl T AF & A ST ' Ugelt

IV W Tovm e w1 S B He g seel W faun " e g <9
Fl TeAel A 3R B % WA %] W9 RIS
Ife gt 36 Wi =seTsl w1 wHEYET 7E o o
18 1

P& % %ﬁTP(B) 36 2
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e & P(A N B) =P (3 8@l | fawm W@ yr g6
221
36 4
11
314 P(A)'P(B):EE 1
e P(A N B)=P(A) . P(B)

3Td: A 3R B @AT TN 2

SETET0T 12 A TRkl 1 STl T Bl AE o E s (8 fea an diF g2 g g
R F ¥ ' <Aaq < fad 91 891 SR G e f tfrehad < 92w e Rl fefud
%W €1 I (E,F), (E,G) 3R (F,G) ¥ $H-hH ¥ was 82 SH-$H o G 8?2
el The o yigest i @

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

TR E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
R G= {HHT, HTH, THH, HTT, THT, TTH, TTT}
ey € ENF={HHH}, ENnG={TTT}, FA G={HHT, HTH, THH}
2 1 4 1 7
TafaT P(Ey== —,P(F) - —,PG) —
(E) g 2 (F) s 2 G)
P(EmF)—l PE G) lP(F G) 2
8’ 8’ 8
111 1 7 7 17 7
-~ — —,P(E) P(G) — — —3X P(F) P(G) — — —
1\:nam“rP(E).P(F)428()()4832 ()()2816
T P(EN F)=P(E) . P(F)
P(En G)=P(E) . P(G)
3R P(F N G)#P(F) . P(G)

ZHfAY, TS (B 3R F) Tids 8 w/@eh! seAmd (F 31 G) 311 (E 3R G) Wi €l

SaET0r 13 fag SN R A B IRF S wds ool € @ E SR F o Sas g
%ol ik Eqel F@ad ¢, sHau
P(E N F) = P(E) . P(F) (D
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o3 13.3,% o1-3T@ 9 98 W= 2 T ENF 3IRE N F 90 a{uest & 3K 919 &

E=EnNF) v (ENnF)
FifF ENF3IRE N F TR 3{9es) &,
Bl P(E)=P(ENF)+P(En F)
B P(E " F)=P(E)-PE N F)

=P(E) —P(E).P(F) (1) ¥ (ENF")

E

N

(E'NF") S
vF

(ENF) (E'NF)

=P(E) [1 — P(F]
=P(E) . P(F)
31: E 3R F’ @65 "o 2l

3TTeRTa 13.3

| Tt | oot R T <ei W WA § fE R

(a) E’ @ F w&asl @
(b) E’ 1 F’ w&ad 2l

IETETUT 14 G AR B 5 € @ AT B ¥ <IAq9 Tk ok T & Wiashdl

=1-P(A") P(B)
T P(AWBY ¥ <AaH Tk I &M = P(A U B)

=P(A) + P(B) - P(A N B)
= P(A) + P(B) — P(A) P(B)
=P(A) + P(B) [1-P(A)]
—P(A) + P(B).P(A)

— 1- P(A) + P(B) P(A")

= 1-P(A") [1- P(B)]

= 1= P(A") P (B))

oAt 13.2

1. = P(A) %,P(B) %ﬁ'{AHWBWW%?ﬁ P(A N B) T HifSy
2. 52 TS i U TSR H W A5 fon fawenfua fRw Mo S uw feRrer o) S

<l ok @hIel TT 1 8F i WIfdehdl H1d hifelg

3. Ad °F T fesdl o1 FRieor 39 | O Wl w1 Ag=sal o giaeenfia fog
B Fenter 3 foran mar 21 Ak A feprel T Ha o= B a fesd i Tkl
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U wiiepd foran S @ 311 Selighd oY <4 €1 Uk fesa fomd 15 o €
9 W 12 318 9 3 WUd Ga 2, o Tkl & foq wiepa €F &1 wifaehar S
EAlE
er =1 ToerhT 3R Uk ATYd 9 Bl SSel T o A se fees i e
Tehe Bl ' 31N B W U W W@l 3 Yehe Bl @' ol et s 21 Fidveo
HIFT o 72 A 3R B Tods ® a1 4217
T T W 1,2, 37 W H 3R 45,68 W W fo@ TR 39 I hl IVl
T HH W AT WE w9 2 3R B SeA fHe o U1 § fadl T ?7, @
it &d 1 @1 A 3R B w@as 82
H o EAeNF S s 39 Wb @ T P(E) %,P(F) %?ﬁTP(EmF):%ﬂH
I E a9 F a3 82

A SRB U s § T ® el P A =%,P(AUB)=%HWP(B)=p.
p 1 HH T HIFC 4% (i) T e agerstt g1 (i) T w6 2l
qF W A SR B w6y gl # e P(A) = 0.3 3R P(B)=0.4. d9

(i) P (A N B) (i) P (A UB)

(iii) P(A[B) (iv) P B|A ¥ shifS(Q

& T T A @R B UE €, S P(A) %,P(B)=%3ﬁ'{P(AmB)=%ﬂH
P(A-TET 3 B-7Ef) F@ shifsu
HH @ A QM B TAs wead B ST P(A) = % agn P(B) = % A
P(A-TEl 3R B-EY) %.WAWBWW%?
A @R B s s §f T € Sl P(A)=0.3, P(B) = 0.67

(i) P(A 3R B) (i) P(A 31k B-&Y)

(iii) P(A T B) (iv) P(A 3R B =g «ft &l) &1 9+ w1 i)
Tk U Wl i 9N SSTel Sl € A %Y 9 %H U 9R fauy §en 9w e Wi
IRl S1d ShifSIu)
T e U sl 9 for wfaeentaa feru fepell S 21 aferd § 10 el 31N 8
o 1 € o WIfehar A HINC (i) AT S @t 2 (i) 9o Fielt U6 S ofrd
gl (iil) TP el 991 SH A B
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@WWﬁAﬁBmWw@wWﬁmmzéaﬁt

%%lﬁﬁ,%m@,m%ﬁmmﬁ%,aﬁuﬁwm
EASLAED
(i) 9HEN T 8 Wl ®
(i) ST U qeIa: HIE Th THEN g HT ol 2|
AT ok 52 INiT 1 ek YA Tegt W U I Agms Al e st 21 Frefataa
o 9 o <ometl ® seA E @R F s 89
(i) E: “frentenn T Uw1 €W 61 ®
F : “fehren T ww SeRnT @
(i) E: “FremTen T4 91 et O 1 2
F : “FlepTel 1 ORI U SIS @

(i) E: “Feptenl a1 91 Ueh SISIME 91 Ueh S @
F : “FehTen T W1 U ATH A1 U eI 2
e SEE | 60% faraneft &t @1, 40% ST 1 3R 20% JHI STEEr Yed 2
T B I AGEsA AT Sl 2
(a) Wiftrhar T ST foF o7 9t & 3k 7 € st 1 srEeR yedl 2
(b) AT o &<t 1 SrEar el & d SHeh IS o1 SFEaR W YgH Al g
! GIfehdl J1d whiTSTT)
(c) AR oE TS o1 @R el & a1 SHeh &<t o1 @R ot Y+ aredl g
! GIfehdl J1d whiTSTT)

I I T Th SISl SO Sl € d Yot UM W oY 9T @I WW
1 wiireRar fefafad § 9 @ 272

1 1 1
(A) 0 ®) 3 © (D) 3¢
T HeAS A 3R B 1 TER AT FEd ¢, 91
(A) A 3RB TER a1qast 3 (B) P(A’B’) = [1-P(A)][1-P(B)]

(C) P(A) =P(B) (D) P(A) +P(B) =1
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13.5 IT-UHA (Bayes' Theorem)

A wifee fr & gt 13l [1feE w21 9en 19 2 9% 3] 3 o 118 81 31 den
¥ 4 W% 3R 5 o 18 21 forell U Ot 9 wh 75 aAgesa Fehrel! St 81 8w

ol T St g € et i St (o e )
A O foeie @ (AF o 9%s) S H1 Fprer w1 wifgenar ot 9 9 Gehd 21 e
vl | &Y fopdlt foreiw <1 &) vig fehrer w1 wifshar 9 o Wehd €, AfE g w1 fan
T 8 TR ] SHE-9 9 9§ frerrell T R1 @A o B9 39 o W wifiehdr 96
ehd B o T Tl faew S (A o Sren-11) § el T ® AfE g el T Wi
1 W Yal 22 T8I 7H SeAl-11 ok T w1 giaend (reverse ) UITRIhdl A AT & Safh
TH A% FH STel T 1 8 9 21 g e S 9 7 wfaa Wit 9 s
HT TAE BT G U Wl o STAT gRI A 71 SR gRT SR T
‘ST-9HE o A W ST ST @ S SHe ] Geaid 1763 | Y1V g3l o1l Se-gea
o HYT T THOT W qd MY Tk IR 3R Fw yrfvs 9ot ® faer #ifew)
13.5.1 T gfaest qufie &1 G917 (Partition of a sample space)
weeH E L E, ... E % W= 1 vfaes! wafe S o fause w1 frefia wa € Ak
(a) EimEjZ(]),i;tj,i,j:1,2,3,...n
(b) E,UE, U..UE =S7a
() P(E)>0,%% i=1,2,..,n% faq

T ¥R |, 9N E L E,, ... E 9faeet wufie S o faursm =i fefia st € afk
d Jd: I B, Y T q1 STh! AIfIehar YR 2

SELUM: B9 d@d ® % #IE U E @i SHa! [ e E yiaeyl @afie S
fgureH & ifs ENE =0 3R EUE =S8,

I-3E fo 13.3, W &0 3T § YeI01 < Hehd © R ARG E SF foret wfaesd
Tafte S, o G H1E & el €, @ {ENF, ENF’} 99==4 E & Th fa9eH 2|

== {(E"F,ENF,ENF} 99=59 E U F & T fa9eH ¢ 3R wq==a
{(ENF,ENF,E NFE AF} 9l gfacel S &1 wh famm 21

319 B9 9l WIfehal 1 YHA ki fag
13.5.2 '\'-T'lﬂf Grfaekdar @t 999 (Theorem of Total Probability)

74 & {E,E,,...E} ufaeel wafe S, ®1 ww fawsm 2 ok 99 o fF yw
A E, E,,....E, I JIfashd =T g1 7 i A yfasel onfe & @ s
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e €, T4,
P(A) =P(E,) P(AE)+ P(E) P(AJE) + ... + P(E,) P(AE)
_ P(E;)P(A|E;)
i
suuf femn 7 8 &6 ELE,, ..., E vfaeel wofie s %1 wk fauwm € (o 13.4) safe,
S=E, VUEU.UE ..(1)

C: ENE=0Vi#ji,j=12 ..,n
T Tm € foh Tt se A, & fog
A=AnNS
=AN(E UE,..E) TR 13.4

=(ANE)UANE)U.UANE)
maﬁAmEi,aﬁIAmEi,Wzﬂgﬁ?ﬁEiaﬁIEjﬁnga,ﬁa%aﬁ i#j,
e, oTeige & THAT %), i,j=1,2...n% T A AE 3R ANE, st )
ESIGLy P(A) =P[(ANE)UANE)U..Uu(ANE)]
=PANE)+P(ANE)+..+P(ANE)
EIC| P(A NE)=P(E) P(AIE) Fifs P (E)#0Vi=12,..,n

Wifiehal o oM frET g0 'Y Wd € T
T P(A) =P(E,) P(AJE,) + P(E)) P(A[E)) + ... + P(E,) P(AE,)
Bl P(A) = ' P(E,)P(A|E))

j 1
SETETor 15 Rl AR 3w i wE w1 3% forn ¥1 wede € T Wit
0.65 T| TSATA 1 B ! 91 TSI 2 1 feurfaai o fwfor svref o wwamger qof
T 1 WIfaRard wHer: 0.80 e 0.32 T fEi wrd o wHeEER qof 2R ) gt
M it
7ol WM oifere fm ‘Fofr # & wHeageER gof g9 # SeT A #IR Cesde B
%1 ST 1 B g Fefua fohar St 81 89 P(A) 71 1 21 ed 3. € TR
P(B) = 0.65, P(&gdra -1&l) = P(B") =1 — P(B) = 1 — 0.65 = 0.35
P(A | B)=0.32, P(A | B’) = 0.80
Fifs T B iR B’ FHfte SH==a o fagrme € safae wqol wifaerar wo= gm
=P(B) . P(A | B) + P(B') P(A | B)
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=0.65x0.32+0.35%x0.8
=0.208 +0.28 = 0.488

a1: fmfor s wmargER ol g S wifaskdr 0.488 2

36 TH dA9-UHI H1 YhoA HUT a1 3H 4G

OSI-UBY (Bayes' Theorem) 3KE ,E, ..., E e HeAC § S TR ufaeel wwfte S
o fawrem =1 Fmio w5 § 99 E L E, ..., E, TWq: 369 § IR EUEU,..., U
E =S iR A®E THlt e & forwt wirear 3w 2,

P(E,)P(AE))

P(EJA) = Ji 1,2,3,..n
P(E,)P(A|E))
J1
& 9@ ¢ f&
P(A E,)
PEJA) = — &
P(E,)P(A[E))
= P(A) (wifaeRar & OH fEm 9@)
_ _PE)HPAIE) (i i % )

P(E;)P(A|E))
j1
AT-YHT o A o Frefafad wssee w1 STa S @

A E , E,, ... E ! 9Reea ¢ (hypotheses )#hed 2
P(E) ! URehew E &1 qEh1eia (a priori) Wfwar sed &) wufaay Wi
P(E,A) %! GRehew E, w1 ST (a posteriori) WIfdehdl sed 2

o TH 1 HRON H IR 1§ f el ST 2| iR B, e s S
% T faaH w1 fmi w € sefan veTe B ¥ 9w 9 H T SR e
T & wfed Tt B (STiqE, ¥ 9 Shaa T € e vedl € ol ww ¥ etk T w2
Tehdl ©) 3Td: S §F BN R oY B, (31fq U HRO) T WifaeRar a1 € sath
ST A 1 wfed g A T R

aAo-wi w1 fafaer aRfeafat & swifra 21 < o 9 &1 fefafea s §
Tqee feman T R
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T g 13 11 U 21 91 16 3 ot 3K 4 relt 71 € 5 fop 91 11
¥ 5 o 3R 6 el e 21 Tl U Ot § O AgesA & 1] el T ® S f
WA 7 1 2| 3@ A 1 1 WiHehal ® o 78 g Ot 11 9 e TE 22
9 [ =@ 891 1 E, 9 3R 9t 119 =99 &l E, N difaw) 79 wifse fm
e T 1 TE Teher &1 527 &1 A9 Fefa = 2

ad P(E) =P, = %

g @ PAE) =PEAIH § @@ I # 7 ﬁma:n)zg

C: P(AyEz)zp(ﬁﬁnﬁﬁwwﬁﬁ?W):f—l

9 SR H | N5 ke =1 yrfaswar, 919 fF o2 719 © fF o ara @
1 8 = P(EA), I5I-99 51

P(E,)P(A[E,)

P(E,)P(A|E))+P(E,)P(A|E,) l

2

A iy fesal 1, 11 IR 111 U 7Y € el woies o < foeer 21 fesd 1

ST foeeh @4 o B, fosd 119 1 foees =i o € 3R fo=d [ U @H 3R T

=74} o1 et 1 Ueh oAfekt Agesdl Ueh f8ea Tl € 31 SuH o Jg=sdl Uh e

feprera 21 A fqaent W 1 2, @ 5@ 919 & 91 Wifashdr © 6 fesd o g foee
ff | 1 & B2

M & E,, E, 3% E, %A fead [, 11 31R 1136 =7 1 fefia @ 2

P(E,|A) =

ad P(E)) =P(E) = P(E,) :;
e 8 HA W A T Ferren e faese |9 w1 2 W gl 2
GE| P(A|E1)=P(%®I@@ﬁwﬁqwﬁwm)=§=1

P(AE,) =P(fes 119 §M =1 T Toeept feper) = 0

P(AE,) = P(fe= TII § §H =1 Toerpr Feher) = ;
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e fesd o g0 foempr ot |F 1 B T iRk

= T9erTen =1 9H 1 faaent fesd 19 B8R &1 Wi
=P(E |A)
AT S-9HT 5
P(E,)P(AE))
P(E,)PA[E|)+P(E,)P(A[E,)+P(E;)P(A[E;)

P(E |A) =

1

Tyt
33 32

A o foh T Ta.eE e e &) favaaaa fafaiag yer 9 e

»—aw"_‘

2
3

I TE 2

T BME S, dieifes safeat o forg adieror 90% waT ohH § SR 10% I T o
o wer 2| TH.IE Al W was sAfedl o faw wern, 99% WEl qar onal € A T,
e AMifee Fardr § St 1% wifya safeaal & fau we.sme. s, gsifeg adma 81 T
et SEE, T 0.1% =t . o @, § 9§ U oAl agesd I S @
AR 39 o1 weor fra S W QiR CELATE A, 1 Suftef st 21 e wiesd
2 fF o7 =afm e o wEaEAl. (dsifE) §2

A W B9 T oo o o H WEL.STE . isiifed 8 whi U 3R A iR b
TR, Ther § siiied e W1 S Wi g9iid 21 g6 P(E|A) T T 2
e BB T U At o WELSAE Al disiifed | BN i Sl Wi g9l
wreadl {E, B’} sHeen § gt safmal o wiaeel wafe &1 ww favse 21 e T @

PE)=0.1% 17; 0001
P(E’) = 1 — P (E) = 0.999
P(A|E) =P (=afer o1 qiieor § W=, 3E . isiifes < Seieh f&an v € foh o

e § WL AL disiied 7) = 90% = % 0.9

AR P(A|E) = P (=afem =1 wlerm & w=.edat. usifed <ol s« fo o mn 2 fw
% A T TE.TEA. gefifed 78 2) = 1% =0.01
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A9 I99-YHT g

P(E)P(A|E)
P(E)P(A|E)+P(E )P(A | E)

P(E|A) =

3 0.001 0.9 90
©0.001 0.9 0.999 0.01 1089

37 Tk Ag=adl A TN Al o areqd § TAL.STE. S Jisiifed gH ! Wifdhdl Sa

fop 91 2 for Swent CaLemE e, qderm disiifed €, 0.083 21
Teh SIS M o SR@H | Wi (F) A, B 3R C el ScEA w1 husl:

25%, 35% X 40% sl sl €1 57 AL S SR T HES: 5, 4, 3R 2 i
9T B (Ffeqel) B el o ot SR § @ U e Ag=sA e S ® @i
I G YA ST S| S9! 1 Wiaehdr ® fR g% e wef B gN SR T R

M fe=n f& wed B, B, B, f+1 W&hR 2:
B, : diee TR A BRI & T 2
B, : diee TR B 5 &A@ T §
B3:aﬁwnsﬂ=rcmaﬂmw%

e ¢ f& we B, B, B, RER 319arsi o7 ufiyuf €1 W foran fo = B fe
YR 2: E e @e 2

T E, e B, a1 B, A1 B, % @i ufeq w6 21 feaw @

P(B,) =25% = 0.25, P (B,)=0.35 3R P(B,) = 0.40
o P(E[B,) = SIcg = @UE B w1 Wifyehal i o fan 81 for = wefiA B 5/
fafifa 2

=0.083 (TTT9)

= 5% =0.05
36l R P(E|B,) = 0.04, P(E|B,) = 0.02
A9-999 g &YW T © fR

P(B,)P(EB,)
P(B,)P(E[B,)+P(B,) P(E[B,)+P(B;) P (E+B;)

P(B,[E) =

0.35 0.04 0.0140 28
0.25 0.05 0.35 0.04 040 0.02 0.0345 69
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Teh iR i Wk UM &l @A 31 21 U8 o I9el | 9% ¥ €

IF I, 9, TpeX A1 TRE 31 AR W 3TH T WigHAd HEST: %,%,%m%
%H&ﬂ%éﬁ,wmwﬁm%aﬁmﬁ@aﬁﬁwﬁmﬁm:%%,mé
T, W fRE o 9RA W oF W 3H R T T T AR 97 R G o, o Wk A
W M HT WIFehal Ad hitel

M oifery fop ‘elee o W o ==l X 9 T’ * TS E Bl AR SRR & o,
o, Wpex A1 el S a8 gR W T med wmAw: T, T, T, 31X T, 8, @
3 1 1 2
SP(T) o P(T) EﬁT P(L) < (e 2)
P(E|Tl):aw&%mmmﬁﬁ@?ﬁﬁw:%

P(T) =

gl WK, P(E|T,) = %,P(E|T3)= %,P(E|T4):0,aaﬁ°mf 3 98T g M W3
3 T Bl

A9 d9-99T g
P(T |E) = EfeX gR1 3 ¥ 3T W 37 5 3 1 Wifeal
_ P(T)P(ET)
P(T))P(E|T,)+P(T,) P(E|T,)+P(T;) P(E[T;)+ P (T,)P(E[T,)
301
- 10 4 3120 1
~3 1 11 1 1 2 40 18 2

10 4 53 10 12 5
]
m:aeﬂwwﬁwE%

T AR o IR W 7 & T o' 4 § 9 3 9R ¥ dioial 21 9% U UM
! IBTCIl © SN Sderdl & o SE W 3 ool WA 6 21 59 W1 Wil Fd Hiteg
o5 U W R ool Hem arsde | 6 2
T oifee ff E, '=afed g 99 i 391 X I8 9qH Hi S W A 9relt
e 6 ' I T | HE T 7R S, W W e 6 F I He SR S, U W
@& 6 TEl AH H ueA B e

P(Sl)za’@maﬁﬁaﬁﬁwﬁw=é
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P(sz)za@mﬁaﬁﬁmﬁng

P(E[S,) = <A 3R 8 s R T T & W@ 6 o € Sef 9 W e ot
TE ardd W 6 2, i Wik

~ 3
=l g ¥A et ﬁwqu:Z

P(E|S,) = A 5N ¥ 9 W & T8 W Hew 6 ¢ ¥ Safw WH W ST ot
HE ard o 6 Tl 2, i wifehd

o g W T e | % i
AT S-9HT 5
P(S,[E) = =AfK BN & S I Wikl & W&l 6 The g T, 5 ad ¥ WE&A 6 7
1 3
B P(S))P(E[S,) 64 1 243
~ P(S)P(E[S)+P(S,)P(ES,) 1 3 5 1 8§ 8§ 8
6 4 6 4

m:aﬂﬂwwﬁwg%

Teh e B 5 o 3R 5 el 78 | Agesdl TF s el St €, 58t 1
e HH o G- [ hoAw § W@ S 21 qF: Fepel T 6y 2 stfafie 1
Fae § W I T 9wt B 9 Tk g Fenrelt St @1 gwd 1 S e
B 1 wifrehar 1 82

T 90 H 4 O 3R 4 el TS ? SR U o Ol 2 o 3R 6 et 1
21 < Sell W Uk Wl AGESAT A1 W61 ¢ S SEH Wb g el St € S
foh ol 1 39 o1 1 91 WiiFshar € 76 % Ted 9 @ faepredt T @2

T T4 ? foh Wb weifemner o s 8§ ¥ 60% SEerd § w2 3 40% s
¥ & wd 1 gdadt od & qftony g @ 2 o s w9 o s g
T 30% 3K BETEM | 7 B o B H 9 20% 36 3 A-Us fomn ad o a1
¥ HeTaare o T o6 i T5esdl 971 T4 37 98 9 T 6 S8 A-S fHen
21 TH o1 T A W 2 {6 9% oE SEe 9 ® 9 272
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T Sgfahedl I3 ®1 S A § T famnefl a1 @ v w1 SR S € @1 9%
ITHM ol 1 WH o foh SEeh smwwﬁmﬁm%%aﬁ?aﬁﬂﬂwﬁﬁ

Wﬁwi%nﬂﬁ%méwéwwwwﬁWHﬁWﬁﬁ

Wi%ﬁwmﬁwmﬁw%%ﬁwwwww%ﬁ
T2 T € foF o wet s fom @2

el faeie 1 & Wt FeM & fau @ &1 S 99% SHER §, S arad |
A 39 W W U e 21 g 0.5% R fRE Ty Sfe ) W S B W
e ot Faid <a1 @ A safa v AT 9 e oo @1 At e SeegeE
T 0.1% @ 3 AT W T& 2 ° N WiAhal © T I ArgesA T T AT
3 U7 9 TE B A SHeh Lok ki SiiE § U8 =l Sdl @ o S§ ¥% U 82

< faerer T T ¥ Uk feek o S @R foa &) 21 SR faeehr tfira € o
o 75% IR yehe Biar § SR diew e foeeer 21 AH ¥ 9w faees &6
ArgeSA1 A1 T ST SH ST T4 ]1 A faeeh R foa wehe @, dt s wiftenan
2 o @ <M foa aren foaenr 22

Teh HT ST 2000 TR =chi, 4000 HR AT 3T 6000 T HTerh! 1 =l
Tt &1 gefee 1 WifieRand hES: 0.01, 0.03 3R 0.15 B SHeRa Sfwal
(aTcTshl) | | ek GeARIEd 81 Sl ©1 S9 AT o Tl deidh 8 R Wikl
1 22

Tk FREH HA R BS weie @it €1 8 faeror @ wa1 =iadn ® & ot seaed
HT 60% T A 3 40% T B 50 foman e 21 5k eifafiem 7ei= A 1 2%
3R I B AT 1% ScAGT @IS €1 ARG el UG bl Teh &L &1 fofal S @
3R 39 R W A=Al Feprell T ot wYe €, al 39 9% o ‘Wi A’ 5’ s
B 1 Wikl =1 B2

T <o Wk T ok e Hew W T UM Wi wiaendi § 21 ved ae1 g <o
o a1 WITehard HEel: 0.6 991 0.4 2| THeR Afafiek 97 qeel gl Siddl
2 d U U SIS & YREY B k1 WifEehd 0.7 € SR A gH3 g Siaar @
TH 1A 1 G TR 0.3 T 5! AFhal 1d I o T2 Seare g <t
B0 9 foRpan T e

M ST foh IS TSl Uk I IoTerd! 21 97 IH 5 A1 6 1 WA W gt
2 dl o T THeer &l 1 o) St @ IR Cfaal’ 1 "e e s 2l A
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RG]

S 1,2,3 9 4 % &I WW B ¢ d 98 Tk Tk i T aR Sl @ 3R
T i Al € foh 38 W fua’ W v’ urw gl 4 S e Uk fud 9w el
2, 1 SHH g SO T UM W 1,2, 3 A 4 U B hl WiidRdl R 22
T A il o 9 A, B 991 C HeiF Sfmet 81 JoH el A 1% &E
Il SeaTfed ohear © qe SAratel B 31 C e 5% 3R 7% @UE Wit Seaifed
T Bl A W A FA THT HT 50% TEl €, B Sl THA 1 30% a1 C Fed
T T 20% Sl 21 IS Tk ©e GrRll Scqifed € dl 39 A g Safed fhu
S T TR 22

52 ATl 1 TEE! W Uk I @l Sl 81 99 g6 ¥ & o ekl 9 € S g2 o
T gl @ T T HY E2 e w1 Wik s 22

Amwaﬁaﬁﬁwﬁw%%w?«wn ISl ST & 91 A drl & T
o wefyla ganl arfas &9 o foa yhe g1 ®1 Wi 2:

4 1 o L 2
(A) < B) 5 ©) 5 (D) %
I A 3R B UE s & fF AcBaen P(B)£0 d f= & o &1 Jeh 2:
P(B)
(A) P(A|B) PA) (B) P(AB) < P(A)
(C) P(AB) =2 P(A) (D) = 9 g &l

T, Agfess e SR 3k wfase! fmfor & a) ¥ vew & W@ g ¥ 37 e

¥ @ sfyspm ® 9 faviv ufomm & s=g& =& & fog 37 wfioommt @
Hafya fordl s o s=g& 9

HAEC T Tl AR Ieh RomE T e w

(i) < O I ek o eI H W <M Il W Yehe WEARH o AN | gy el

Hohd 2

(i) U Taer &l 50 9R S=eH ¥ BER w9 fodl % G ¥ 8 wehdl 2
(i) 20 &g & Ch R U, TG 6 WS €, 4 TG Bl (T & 9% Th) FehreH

o T | SHR 9 4 aEgel oF Yidsel H Ty oRgal Hi W H gl Hehd!
2 7 &1 Ty 3R ek oeqel o ferdl fawiy ersmn ||
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Swed # 9 Yoe whel § gHN U Uk W ® S Yode 9o o W U
Jrafas "wen fAfde s ?1 weaw & g wRom & fau 9w awdfas gen
ITeRT-31er ff B Wehd! 1 ST € Tk =R B W11 &) 56ehT O Rt agfess adterr
o QRO 9 R R € SEfeT 3 Agfeen R Ed €1 U Ageseh = sl WH:
X 9 =R H 2

IqfE T Tk oA i JRITIT 1 TR HifSC af aid o ars o s a5iss
= X, B gl ® TSrent Wid (domain) Agfeseh wiero] o qROmEl w1 w=EE (A0
wiaest wHfte) e 21 U aRfese =X @i ol ardfas O o Wehdl €, SHAT gHeh!
TR (codomain) TRfdeh HE3tl 1 Yg=a eIl &1 37d: Tk A5 =X i =
YR § IR Y Hehd 2

e Ageseh = 98 Ho eidl @ fSreent ia frelt agfese qdierr 1 wiaget
gufte g 2
TR & o, STST U ek &l & aR ST | S8 SH o T W fa=r Sifvu)
=9 Wy ] yfaeyl wwfte 2
S = {HH, HT, TH, TT}
Ifg X, g ol o1 WEA i e 1 € Al X TF A5fewe =X € @R gis aiom
% U THeR 99 9 YR 9 T T R
X (HH) =2, X (HT) = 1, X (TH) = 1, X (TT) = 0.
T € eyl ufie W U 9 s aglee =1 aRafid fhe o e 21 seei
o foq o & f Y, gfaest gafie S & yais aftong o fou fedl &1 9@ 9 92 &t
T o T2 i e Ll 2l a9
Y (HH) =2, Y (HT) =0, Y (TH) =0, Y (TT) = - 2.
o1: Tk wiaeel wAfie S § X 8iR Y < fa= axfees =) dRefi fag o 2

T MK TF 99 &1 01 9R) 3B[e &1 Od Gadl ¢l 9d & STEsh
g0 S AT ! Yo% Tod o ¢ Rs 2 =d1 € 3N U U2 o U =g =AfR
SIS &1 Rs 1.50 =d1 81 5H & X s4fek 10 Sidl T8 a1 BRY TE T 1 oerd hidl
21 Tuid fF X ww agfess =X @ 3R 39 qie o giaesl 9t o ®or o &9
T yefifa wifsm

X UE e 2 foes 9 e afese qier o uftomt woafiifia 21 safe
X T Agreseh =X 2|
31a T 1 yiaeyl T 2:
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
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X (HHH)=Rs 2x 3)= Rs 6
X (HHT) = X (HTH) = X (THH) = Rs 2x 2 — 1 x 1.50) = Rs 2.50
X (HTT) = X (THT) = X (TTH) = Rs (I1x2 —2x 1.50)= —Re 1
C: X (TTT) = - Rs (3x 1.50) = — Rs 4.50
el mvl fog, faere! =1 e &l <l w1 21 or: gfaee! |ufte & goiss 3e9d o

fou X o1 Tk fgd A1 2, gEfe X gfaeel w9t o ueh %o © foeen 9ier 2
(-1, 2.50, —4.50, 6}

TATETUT 23 Th Ot o 2 FUR 3R 1 o 1% €1 A5 A Tk i Fehrelt T iR Sweh
0 HE T ok % 39 [ O | erell T g9 kA 1 qA: e wem Ak X
FTerTell & Hootal 1 H&A1 w1 <9Il © a1, X k1 foeor @ sl ek ot 1 o1 Feper
Hheral | T R

gﬁmﬁ%ﬁﬁﬁr@%ﬁﬁﬁwl,wﬂrﬁmW%
a9 gieel wmfe 2:
S=Ww, W, w W, W, W, W W, W W, I, T W, W, TT}
31 X = &) &1 G&A = WAl H @A
AT X (v w, 1) =X (w, w,1) = X (L, w,1) = X (o w, 1) =0
X (fwy, 1) =X (fw, 1) = X ({ rw,}) = X ({rw,}) = 1 X ({rr}) = 2
3M: X U Agfess W E S 0, 19 2HE o Fehl 2

13.6.1 TF Agfedd =¥ &l GIAHAT @< (Probability distribution of a random
variable)
Y <9 qRER f,, f, ... f,, ¥ Th GHER 1 36 YR T o Tam R foem w5 i
Sodeh GRER 1 T HEEET Bl HA o T qiEn £, £ .f, H wE: 3,4, 3,2, 5,
4,3,6,4,5 9SE B
3IEN Ueh URAR &1 I d IHeh H&Hl i WEAT &l Al Y, X | S hiTolU| TI=ql
X U Aoz w1 2 59 e yer 9 uftwrfa feen mn e
X(f) =3, X(f) =4, X(f,) =3, X(f) =2, X(f)) = 5,
X(f) =4, X(f,)) = 3, X(f) = 6, X(f,) =4, X(f;,) =5
I:2,3,4,5, 60 W XHE G AA o Fehal B
19 X 1 W 2 T & 9RER f, S G T E X H AE 3 F W € 54 f,
fiof, ¥ | Topdll 9ER &l 1 STE) g6 9HR
X =4, 59 GReR f, £, A f, 1 T SO
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X =5,99 qER £, AL, B A S
3R X = 6, 5@ WRER f, ! I S
<o T A @ R 9ok 9RER T oA ST SHEered €, g afer % g7 WM
s -
3T X 1 M 2 B kT Hifaehe %%

WW%P(XZDZ%
e B fLf, W f W fRE ol Tk REr g ik

3
P({ffufiD) =1 &

m:xwm3%ﬁﬁwﬁw=i

10
wmﬁép(xzs)z%
3H YR B9 UM € T
3

2
P(X =4) =P/, [ [u}) 10’ P(X =5)=P{f, f,,}) T
1
S P(X = 6) = P({f,}) T

TH YR o foaxer oo agfess =X o WY IHeh! Wd WIiaeharstl i foman s
2, &l A W X F) Wiushd 927 FEd 2
SUehd: Ueh A5 e%h =X X &1 Wiidendl s @l 1 yeh § Rwifia fepen s 21
ufrarar 5 foRe Agfes® =) X &l Wifderal ded densll & fafataa gomet (FHem)
g @

X : X, X, X,

PX) P, r,

n

S P 0o pi=1,i=1,2,...n

il
ST WA x,, x,, ... x ARG(eh TR X o TG HA () ¢ 3R p (i=1.2, ... n)
Agfozsh WX 1 HE x BF H1 WiFsal € 31 P (X=x) = p,

afe x, g =X, 1 HIE WG G & @ HeF X = x, Hewe! wHfte
% o fog (31 o foe @ 9 2 81 1q: X1 x Ged o 1 TRkl Had YRR
et € e7efq P(X =x) # 01
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Y & X o wel deifaa 9ml o fau ufaest afe o a4l foget =1 wmem 2
Sl ) gEfan Rt wifteRdr sieq o fow wefl wifisrarstt w1 4@ W B =rfey

AR Sk 52 Udl kT Uk G el W q U ST YiIEAIO o |
epTel SId €1 SRhl 1 W& 1 WTHehdl S [ it
Th] 1 WEAl U A5Teseh W €| 3Heh! BH X W Fefud shd €1 Tsad X &1 /i
0, 1,2 21 FFiTw Id T TRAEAT & e Ferren 7o § SHfau A g9 1 R
sl e B
AT P(X = 0) = P(3FR 7= iR 9 )
= P(gh1 &) x P (391 )
48 48 144
T 52 52 169
3R P(X = 1) = P(39h1 33T & Ae Skl =&l 31X 3ermD)
= P(SFRT) . P(SFRT T&l) + P (SFhRT F21) . P (IR

4 48 48 4 24

3R P(X = 2) = P(SFh1 3R ZHhT) = P(SFHT) P(IFHI)
_4 4 1
© 52 52 169

31d: A= witeRd ded 8

X 0 1 2

144 24 1
169 169 | 169

P(X)

Il & U W€l aF 9R SsieH W Tl (doublets) @ H&T FI
WIehdl 2 [d ahifte|
A oAfSY o X fgeht &1 den fefua wa 2l
(1,1),(2,2), (3,3), (44), (5,5), #R (6,6) Hyq fgeh %I
we ? 6 X A9 0,1,2,31 32

6

T g oa 9 8F &t Wiasar |

AN— =
| L
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. 555
P(XZO)ZP(@“:ﬁW:@C’DZE g g ?
P(X =1)=P(T& fg& R & 5= &

1 55515551 1 5° 75

PX) 216 | 216 | 216 | 216

AT GIiaeharedl a1 I
" 125 75 15 1

Pi =
il 216 216 216 216

125 75 15 1 216
a 216 216

3Td: ST Iehal ded W&l 2
A o Tl wrgfess g7 U faererl faaw o ver & =l sl X | gwia
S 21 X% " x oF 1 UieRal FAfafEd o 9 7, el k Uk ardias Se B

0.1 3afsx 0
kx gfgx 12
k(5 x)afex 334
0 ST

P(X = x) =

(a) kRT | FId hifSIT



580 TftT
(b) TH &1 I 1 AT 2 TR e

= < S Ygd B2 q9Aq: 7§ Ued €2 Afimhan S gad 7?2
Tl X 1 gifashar sed T fan e 2

X | o 1| 2 3 4
PX)| 01 | &k | 2k | 2k | &

(a) gﬁr’sna%fmﬁlpi 1
T 01+ k+2k+2k+k=1
= k=0.15
(b) P(3M9 =aH < %2 Tgd ) =P (X >2)
=P(X=2)+P(X=3)+P (X=4)
=2k +2k+k=5k=5x0.15=0.75
P(319 de7a: 9 52 Ugd ?) =P (X =2)
=2k=2x0.15=023
P39 3tfershad < 513 Ugd B) =P (X <2)
=P(X=0)+P(X=1)+P(X=2)
=0.1+k+2k=0.1+3k=0.1+3x0.15=0.55

13.6.2 IMgfeseh =X T GTT (Mean of a random variable)

9gd © st ¥ fhdt agfegd =) & Rl @01 ] Teha 9@ 9 I arsHd
grar 2, fS =R 1 wifiendl sie W 91 T Gehd B UH € e WEAd wied, Wieasw |
g B &1 TH hell § g WA W =l il e sratfa @ e ygfa @i w
= el o @ o gg ot afas =R o weame =1 siga 7 &1 g S 2

aftarr 6 WA @ X T AgfeE W g fawe waifaa w x x, xg o, x, B

TRFA p,, Py oo p, B X BT A, W, § o & €, @& 5P B 2

il
It x o1 WIeA, =R X, o W qHT 1 9a SEd el 2, St Yeieh W 6l SHeh!
ga wfasar 9 i feean man =@l
T5fews =W X % WA %1 X # Yo (Expectation) i w®ed 2, @
E (X) ¥ =7 & ) ¥:

EX)=u= . XiPi =xptxp, .. +txp

T IR H
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Ao o X 1 "I A1 GARN X oF Vet WoIfad Al o1 3ok WA ATaehdratl
% UM 1 4N Bl 2

SEEI0T 27 WA o R U % U SIS i S Sl ¢ SR Agfese =X, e W
W Hemstt 1 A foar S @1 X T e 91 YT 96 Sife)

o1 39 qerT w1 gfaest wmfie 36 Hifers seel o fafifa gen 2, 9= wiwa g
(x, y) % &9 § foran 51 @b € 5@l x,=1,2,3,4,5,6 3 y=1,2,3,4,5,6.

IS WX X o A AU 96 W U §EeAs T R AM 2,3, 4,5, 6,7, 8,9,
10, 11 40 12 € Wehell B

1
& PX=2)=P{(, DY 3¢

2
PX=3)=P((1,2), 2, D} 3¢

P(X =4)=P({(1,3),(2,2), 3, )}) %
P(X=5)=P({(1,4),(2,3),(3,2), (4, )}) %

P(X =6)=P({(1,5), (2,4, (3,3), (4,2, (5, )}) %
P(X=7)=P({(1,6),(2,5),(3,4), (4, 3),(5,2), (6, )}) %
P(X =8)=P({(2, 6), (3, 5), (4,4), (5, 3), (6,2)}) %

P(X =9)=P({(3, 6), (4,5), (5.4), (6,3)}) %

P(X =10) =P({(4, 6), (5, 5), (6,4)}) %

P(X = 11) = P({(5, 6), (6, 5)}) %

1
P(X=12)=P({(6,6) 3¢
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X &1 WIfeRdr &7 @
xaix, |23 [4]s5]e]7]8[9o]w]n]1n

TSI ol Pl ol Pl ol vl ol ol ol ol o
(0P 36 |36 |36 |36 |36 | 36 |36 |36 |36 | 36 | 36

n 1.2 3 4
gHfcTU =E(X)= X, p; =2X—+3x—+4Xx—+5x—
H=EX) Zl: Y e VA YRREY:

> 7£8i9i10111312L

6 —
36 36 36 36 36 36 36

2 6 12 20 30 42 40 36 30 22 12
36

31d: < TSl oF ek U Yehe WIS oh AT W1 HIEA 7 B

5o =X 1 HeA 9 WX o WHl § (R0 o W) H i geAl T a2 WY €
a1 wifenar sied oiel Agfeseh =7 o WA HH € Gehd B, S| o X SR Y
fefafaa st & fsamn mn 2

X 1 2 3 4
ol 1]zl 3 ]2
(X) 8 8 8 8
Y -1 0 4 5 6
o] L2t
(Y) 8 8 8 8 8
2 3 2 22
T EX) 1 — 2 — 3 —4 — — 275
X) 8 8 8 8
1 2 4 1 1 2
E(Y 1 -0 -3 -—-—5-6 - — 275
i ) 8 8 8 8 8 8

T X 3R Y STA-3Te & q2it 39k H1eT 99F © 9% o9 94 o Teeede e §
off s | Ufega foran ST W & (SRfA 13.5)1
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P(X) P(Y)
% i % 0
Yot A
et |_| |_| A |_| |_|
X<% 1 2 3 4 >X X% -1 Ol 1 2 3 4 5 6 X
() (i)
3Rt 13.5

X! Y ¥ STAT HH o Ta0 6 Agfeaed =X o AH ¥ @d i || d ok A9 &
EThdl B B9 Wil W yal @ for sl o foreror o1 fomya &1 A9 € weon
21 5 YR A5Feme =R o godl ¥ faeRe Sl 9ERr § W7 S Gehdl 2

aftarn 7 7R WY X wh agfed W R fawes wfed qed x, x, .o W@
EIRETIE] p(x), p(x,), ...,p(xn)$ iy fermE 2

79 & p=E (X), X F1 T4 1 X 1 WR var (X) A1 * 5K F3&fd, =t f=
TR W qifa fan s

2= Var(X)= ' (x. )’ p(x)

il

I FHIA: J=EX )
e - M(XF\/ T )
il

%! Az WX X 1 HFe fa=er (standard deviation) eEd &
g T T YEIUT A@ hi- Rl 3T T
& Sd € TR
Var(X)= (% H)z p(x;)
il

= (x;
il

2oy’ 2ux;) p(x;)

n

(xiz p(x) Hz p(x) 2px; p(x;)

il il il
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n n

(> p(x) 1 p(x) 2u xp(x)
i1 i1 i1

n

x’p(x) w2’ FE p(x)=18Rp= xP(x)
~ .

il i= il

. (xiz p(xi) Hz
el Var(X) = ' (x” p(x;)) " x; p(x;)
1

i il

a1 Var(X) = BOC) [EOOT, 518 E) =Y 2 plx)
i=1

SEENUT 28 Teh I U9 &l Bepd W YT Gl &l YER0T 1 ehifTa|
ol Ter T giaeyl wEie € S={1,2,3,4,5, 6}

A W X, T T Yehe W& i oK Al 81 a9 X U e =g W 1,2, 3,
4,5,91 6 HM @ Wkl 2
e & P(l)=P(2)=P(3)=P(4)=P(5)=P(6)=%
TEfAT X o1 TIehdl sieq &

X 1 2 3 4 5 6

ool Ll L[ L1 | L]
S B A R e 6| 6
| EX)= X P(x)
il
1,1y, 1 o120
6 6 6 6 6 6 6
Y &l E(X?) = I lplepleplelel 2l
6 6 6 6 6
3: Var(X) = E (X?) — (E(X))

2

91 21 91 441 35

6 6 6 36 12
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AT F 52 UG I Uk qel-Hifg Bl T TSl § ¥ U SR fa
IS o (31 ek W19) Tehtel Sid &1 SGWe] o1 | oh1 HIEA, TG0l o HIeh- oot
A Hife|

A ife o < o freRe o aeeel # @@ R X W e 4 2 X T
Tgfeme =W W 0, 131 2°F o Hehell 21

48!
BC, 2148 2)! 48 47 188

>, 52! 52 51 221

2152 2)!
4(:148(:1
52 C2

& P(X = 0) = P([E SR 7N

P(X = 1) = P(T% 9¥TE 3R T S8 &)

4 482 32
52 51 221

‘C, 4 3 1
2c, 52 51 221

C: P(X =2) =P (I W)
31d: X 1 WIReRdl ded 2:

X 0 1 2
188 32 1

POV 21 | 221 | 220
376 W1 X=EX)= Xpx)
il
Lo 188 32 1 34
221 221 221 221
oy & EX?) = X p(x) =0 188 p 32 » 1 36
il 221 221 221 221
3 Var(X) = E(X?) — [E(X)]?
36 34 6800

221 221 (221

\ Var(X) 0800 0.37 ()

(221)

:
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Fary o Frefatea wifaswd @ & o1 @ & agfes ) & foag dua T2
21 377 IW HRU ied fate)

i | xJo [1 |2

Px)| 04 | 0402

i) [ x [o |1 [2 | 3|4

Px)| 0.1 | 05] 02 |-0.1f 03

iy [ Y -1 Jo [1
P(Y)| 06| 01] 02

vy [z |3 [2 [1 o [
Pz)| 03 02| 04| 01005
T A9 | 5 et 3R 2 Hied 1 21 g Agesan Fehred T A @i X el
el 1 W@ T e H ¢ X & Hfad g 7 F X Aanfee =K 22
oH efifst X fodl ®1 9@ 3R 92 i §@ § 3% 1 oA il 8, 519 U
faeh &1 6 IR IV W 21 X o HeAfod qoA F 72
frfafea & wifasar 9 @ Fifoa:

() & fager =1 @ SoE o fudl &t 9@ &1

(i) 9 foaenl =1 T WY Tk aR IV@H W G2 &I T&AT Al

(i) T fooer & =R 8@l § faal & 9@ &

T 99 < 91 S W GEAA I G 1 WIHFehdl s Aq hIfq ST&1
() ‘4 ¥ =€ e’ & TH Whed HE T 2

(i) ‘9 W G 6 Wehe B’ ! Tk Gl WA A g

30 Sodll o Tk & W, Foaw 6 oo T € 4 wosit 1 Ueh g (wfdse) A
T WicreeTa1 oF fehTer a1 1 @Y Sesii 1 H@A1 w1 Wiehdl s F1d His)

e Teent qHHd Hdfea Tt € e foa g g &1 |9 92 gehe e &l
AT 1 A T 21 Ak oerehT < R SSTen ST @ d U2 sl WEA w1 el
deq Fd hifsu)
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U AR TR X H1 Wfashdr s A= & @ 2

X110l 1]2((3[4|5]6 7
PX)[ O | k | 2k| 2k| 3k| k? | 2K Tk*+k

EIGICAIE L
(i) k (i) P(X <3) (i) P(X>6)  (iv) P(0<X<3)
T Agress =X X 1 WifFehdl ®ed P(x) 7 YR 9 2, SEl k®iE "o ©
k afg x 0
2kafE x 1
Pe) 3k Al x 2
0 ST

(a) k1 HF 4 HifNQ
(b) P(X<2), P(X<2),P(X22) 7MW hif|
T = faaeh &1 9 38l W o foal 1 W@ &1 "ed 91 Sitad|
T Ol Wl THG STl T AR X, Bkl 1 @ S o il €, al X 1
YT JA1d ShITST)
YUY B: o9 YUkl § 9 I @A agesan (fo yfawere®) g T M o X
1 Hemet o W "€l W %l ¥ il gl B(X) 6 ity
M ST S I therd W WIS HEAST o AN 1 X W oFe fehan T 2
X &1 FHRUT 3R e e 9 sife)
Th wmel 15 B € el 31 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20,
17, 16, 19 31 20 =4 €| Ueh 1S ! $H YohR 1 T o Teeh o1 o T SH
1 AT T ® SR FH T B w1 A (X) Wi feran e anfee = X
1 YRRl §ied F1d shifSll X <1 HIEd, G801 & HHeh foa=gem o 9 sifsu)
Teh 93 T 70% TEE A TRt wdrel b1 STHIE foha 31 30% Tl 3 fadiy
SRl Tk TST ] A=Al 91 T SN, AR SH USw | yE 1 Ry e
g X =0 foon mn, 5@ T Al sue wsaa w1 SR R 'l @ X =1 foen
TN E(X) R var (X) T i)

Ciiatafiad i 9wl 7wl s
T U, 5o T Forhl W1 3 i W 2 3R U Here 9 5 o T R,
1 IV W Y @A 1 HEd 2

8
(A) 1 (B) 2 ©) 5 (D) 3
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A ST a9 1 U TeE! 9 AGsA ] I kel WK €1 A it X geRRt
1 W& Yohe HId 21 a9 B(X) 1 °H 2

37 5 1 2
(A) 71 (B) e ©) e (D) e

3R TN et Wepfa fguftomeht gt €1 Serewone Swren v faeent e ‘e’ o s ue
Toitan €, ferell wee o1 S ‘Rl W Rl © wWehdl ®, U 3 © wea et TRt ®
o ‘& feren @, W fofa ‘Bl o AR © el s wehr W TRl o wmn vee @
o e gRomAl & W U Rl IR’ 3R S I STEwadl’ el Sl 81 SIel %
fou, wer fager &1 3o W 'faa’ M &1 9%edl B STC aF ‘92’ 31 i Ta%adl
el ST

ek A, S8 B9 Ueh THeRnT Seid © 91 Ueh IIEl S8Ied © 91 IS 37 TN i
2, 79 89 TH U TE (trial) HeEd 21 IS Wk THemhl A ST, WX 91 Sl Sy
a1 qdieron T WEA 4 el SN 3 9@ ye o gRomm qema: | e st Ssharr @
Tl fret e wdieror w1 uftomm ferdlt e wleror o uRomy @ T B 21 g
TR o Yeh TR0 | Hoherdl (I SEHedl) i YIehald $TeR B! B 39 YRR o
Tods qiieor, fSien eharel <1 GRomE B © S Wi Hherdl’ A1 ¢ STl e ©,
A T e B

Tk ASFEseh WA o GUel i SR Tier sed § afg o frefatEa v

() Teron i gen ffea (aftfs) @+ =
(i) oIeor @ad g AMey
(i) TR TRl o qeAq: |1 & URomH g AIfeu, herd A1 STk
(iv) Tordl 9Romd &t wifaerdl Y&ish 9e0 | 9EE ®A A91el

ITEL] o TolU W UM w1 50 AR SSTerl, 50 St qheml s fefa 2, e
YISk T&T0T 1 RO A%ardl (UF o 99 98 Yehe B a1 3% (faum 9@
Tehe EF1) B 3R Gt 50 Sl § Hherdl i Wil (p) T WEE €1 FE<E 9 i
ST ST Tordsl YA B B A0S O = ¢ 3R 9ok ®: %ol W B e |

@6%%@@%aﬁpzéwﬁaﬁtqzl—p=% STEHA H1 WIfFehar 2|
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7 A 3 9 Tl e ol Teh hersl § W I S T8 FehTed! M1 sy
o 7T fepTer o THe Sl Ther a1 T8 AfE yoieh Rl b &g g Wl

(i) wfaeenfua fewan T =l
(i) wfazenfaa 7 feram T =

(i) el w1 " oiifia (FHfvea) 21 59 g & Feper & 9] was § 1

gﬁwﬁamwﬁﬁw(mﬁmmﬁ?ﬁ%w)ﬁwﬁwpzé
2 S o gt = weol o GaE @ o1a: el i e o w1t Feptern S
witeror €

(i) & & i fae T gfaweme e fehten o @ uge Wil | gwerdr ($iUiq e
7% w1 feReT) T wfaeRa ’ o

e 2, S qderr o - 2 IR 38 TR Taeeqar gt

TN W WheAdl 1 IRl WHH TR €, 3Td: T8 YO sl g Te

T f9eer o 3oTeH o yar R fomr Sifse fSad yae wiefor 1 9o Jwerdn
(WA o o) =1 sTEwerdr (92) B9 21 Ui The] § Heherdl SR STHwedl Sl HHI:
S 3 F 9 it

FHeql It Toh T ©: eIl § Toh Ahardl oF faf9= aiiehl sl I i | sogh
gl T ©: fafa= & & sw B e e R R

SFFFFF, FSFFFF, FFSFFF, FFFSFF, FFFFSF, FFFFFS
6!

Tl YN, € Fhedd 3R 9N SEEa 41 o) T g whdl 21 = 9t
HHA! hT G S HIB e FHE B FEATC, 0, 1, 2, ..., n THAS 1 HIIeha
M T @l 3 TG @ arell 1 81 Gehdl €1 p Sl e § 9§ St i
TEA & WfIehdl F A o o T g o1 Fofor feen @ 2, e o o o
Il GET 3R Gue uRomd sk gel S W S ST Hehdl B 9 SSevd ok fog €9
A Terol T 79 A5 FANT i o & Ty goie wen § dherdn 31 SrHwerd
1 TIeRa HHY: pALlig Rl 36 YAN (THem) w1 gieyl waie Hdig oH

s = |sss. SSF. SFS, FSS. SFF, FSF, FFS, FFFC3

HHAAIA 1 W& Tk 51w T X 3R 0, 1,2, 31 3 0 o Hehal &1 Hhewarsi
1 WA 1 Widehal g7 Frefaiad YR 9 9 R T Rl




590 I

P(X = 0) = P(IE 9hadl 7&)
= P({FFF}) = P(F) P(F) P(F)
=q.q9.9=¢ (eifen wdiequr st ®)
P(X = 1) = P(T&h Ghad)
= P({SFF, FSF, FFS})
= P({SFF}) + P({FSF}) + P({FFS})
= P(S) P(F) P(F) + P(F) P(S) P(F) + P(F) P(F) P(S)
=p-9-9 + q.p.q + q.9.p = 3qp*
P(X =2) =P (31 G%adN)
= P({SSF, SFS, FSS})
= P({SSF}) + P({SFS}) + P({FSS})
=P(S) P(S) P(F) + P(S) P(F) P(S) + P(F) P(S) P(S)
=p.p-q-+ pqp + qpp = 3qp’
C: P(X = 3) = P(dH d®aard) = P ({SSS})
=P(S) . P(S) . P(S) = p?
3A: X %1 WITRal s ©

X 0 1 2 3
PX)| ¢ | 3¢°p| 3qp* | P’
W%ﬁ(q-#pfﬁ]%’q?{mﬂﬁﬁm%
¢’ +3¢’p + 3qp® + p’

e w7 0, 1, 2, A 3 TRAWMST ! WFHA HE: (¢ + p)* & TR =1
wgel!, TE, ded 3k =g ug €

e & HJifer g+ p =172 5o g 31 Fiperar @ o Tt wifasharst = = | 2
St o smmafera el

3a: & I8 T et Wehd @ foh p-aiett wlemn ot w3 6 0, 1,2 .., 0
THSATS H TRRATE (¢ + p) o AR H1 oM, f5d, ga, e 98§ W
S Wehdl 21 @ UROMH ol fag o fau g9 p ol wlenl o wE o
X-HEEASA 1 Tl J6 HW 2
TS x RS (S) T M H (n—x) TR (F) B

n!

39 x WHA (S) 3R (n—x) FHEHEA (F), | T W FE e €

x!(n x)
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ST W Y alieh § x WhCR 3R (n — x) AN HT AR
= P(x FHTAD). Pl(n ) STHREI |
P(S).P(S)...P(S) . P(F).P(F)...P(F)
- = piqr

XTR (n x)sr

n!

3Td: p-aE GO § x HRedEl i UIiiekdr prg" TAMC.p g R

x!(n x)!

3 P(x {HEN) = "C_p g *,x=0,1,2, ., n,(g=1-p)

T P (x FHEAY) & "C_p*g" *, (g +p) T R (v + DA R 2

T TER, p-aGidl T el Th YA § Hhadisl ki WA i Wikl d@ed
(q+p)y o TEu=-Toream gr Ut 1 S Tehdll B1 37d:, HHAMS 1 & X I §e
fefafad ger 9§ foran st S 2

X 0 1 2 X n

P(X) nCO qn nCl qn—lpl nC2 qn—2p2 nCX qn—xpx nCn pn

SUge Witk s i fgue siest wed € 5w naen p, yree €, Fiteh n a9 peh
7 K g9 W &7 Hgol Wil set J Y Hhd 2
xWﬁﬁWﬁWP(X:x)ﬁP(x)ﬁgﬂWW%ﬁT@
P(x)="Cq"p*,x=0,1,..,n(g=1-p) ¥y w2
TH P(x) ! U8 &2 o1 WIfdehdl wetd &ed 2

T n-aAed! Theol SR geieh e § Hoherdl i WIfehdl p, o1 f59g sied
B(n,p)@lWW%l
3P 319 D 3B |

IfE Tk == faaes =1 10 91 St 741 a1 f= 1 wifaswand wma sife:
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n 13 p, 3837 2x9°
12 6 18 6 10"
14. C 15. A
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TR 13 U¥ fafaer goanaeit

1. () 1 i) 0
5 1 L L
° (1) 3 (11) 2
20 10
3. — 4. 1 ¢ (0.9) (0.1)!°
21 r 7
. [gf . 7[3)“ 1_@6 864
- (@) s (i) s (iif) 5 (iv) 3125
6 5 7 625 8
T 2x6 T 23328 7
9 E[ET 10. n>4 11 A
" 93 C e © 54
12 123 13 14 14 3
" 1575715 " 29 " 16
. . 16
15. () 05 (i) 0.05 16. 3

17. A 18. C 19. B

— @ —



ijd 1kB; | kexh

vk k 7

7.6.3.

ge vpj Avi Bbl idk pur g fd
d 2
px+q = A a(ax +bx+c)|+B
= AQRax+b)+B
nluki{ke XoQx.Kkd kv k vpj inkdhryukdju ij] gesiHr gkkg
20A = pvi Ab+B =g

bul ehdj.kdkgy djuijl] Avi BoQel ilr gkt k gAbl idK] | eidy fuEu
e ifjofrr gkt kkg

AJ(Zax+b)\/ax2 +bx+cdx+Bj ax® +bx + ¢ dx

AL +BIL,] t gk

I j(26m+b)\/ax2+bx+cchgA

ax*+bx+c=t,jifk Arc] Qax+b)dx=drga

3

v I %(ax2+bx—i-c)3—i-c1

bl hidk] I, = j ax?+bx+cdx

iB; iLrd oQi"B 328 ij 762 e ppkfd, x, leldy | kdki;k djoQKk fd;Kk
tkkkgA
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bl idK] j(px+q)dcm2+bx+cdx dkel vrr%Kk dj fy;kt kkgA

mnkgj . k 25 Ix I1+x—x" deki dHt, A

gy mij n kK xb fof/ viuk g,]ge fy[k g

d 2
X = A{$(1+x—x ):|+B
= A(1#2x)+B
nluki{ke] XoQx.HKd kv K vpj inkdkcjkj djuijlge MBA=1vK A+B=0iur

gkkgA

1

bu |l eldj.kdkgy dju ijlge A =—=vE B==1iur djr gAbl id¥§]

1
2 2
l eldy fuku e ijlofrr gkt kkg

1 1
[fiex—cac = —5[-20N1+x-wdv e [Vi+x-xde
11
= —EI,+EI2 1)

I = I(I—Zx)\/1+x—x2dx ij fopk dHt, A

1+xBE=rjfk Arc, (1 BRx)dx =diga

L 23
bl i d K] II:I(I—Zx)\/ler—xzdx:J.tzdtzgt“rcl
—z(1+x—x2)%+C C -
—3 1»t gk ldlbvpj gA

v k] IZ=I\/1+x—x2dx ij fopk dHt,A
5 n’
1
x—5=t iflk Arc] dx=dlgA

(J5)

v I, = I LT}” —dt
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= lt 2—t2+lx§sin’lz+cz
23 274 45
2x—1 { 1 _
- l( 1) 2—(x—l)2+§sinl[—2x 1\+C2
2 2 N4 20 8 N

1 5 2x—1)
J— 2x—1\/1+x—x2+—sin_l(— +C
= 4( ) S NN

tgquzdIbvpj gA

(l)eaI]vH IQOQelu jlh ij] ge iKr gkkg
3
Ix l+x—xdx = —%(1+x—x2)2Jrl(2>c—1)\/1+x—x2

5 2x — 1\
+—s1n \/. 7 C, gk
C+C,

= ,d vU vpj gA
D) pJ 9

i’ulkoyh7.70Qv r e] fuBufy f[k i’u | fEefy r d Ht ,

120 xfx+x? 13, (x+ 1W2x" +3 T4 (x+3W3-4x —x*

mK

(2x+1)\/x + x

12 —(x*+x)? - 10g|x+ +4x?+x 1+C
3 16 2

2 3
x+1’x +=
2

- x+2\ G+ 23— dx— ¥
——(3 4x— x)2 J_j 5

+C

3
2 2
13. %(sz +3)2 +§-\/2x2 + 3+%10g

14.
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vk k 10
10.7 v fn’kfdd x. ki @
elu yHt, fd Zi,[;vh' cdk rhu | fnk gA gv K ([;xE) oQv fn'k x. ki @] v Fhe~
Gx(b xC) dlsG@,bv Cdkbl ho@ e v in'kidd x.kui @ dgr gAbl §db, ¢](k
[Zi[;E])}IijDr fd ; kt kkgAbl idK] ge iKr g

[d,b, E1= axb x&)

i {kk
1. D;kéd (b x&),d | fn'k g] blfy, *7.7 s .
Gx(h X&) .d vinkiKkg] vk [d,h ¢ il I’_,a-"
,d vinkjK kgA II.-'
2. T, Kerhy i I'] vinnkfdd x.kiQ@ dk 1__.'. ."- .": _,"I
el rhu |l fn Kk GhvK Gl infk vi W ",-f'
Wkl cu lekj "Wigd dkvkru & o _.
gkkg (nflk vioQ@ 10-28) A h P # il
ful ng]l I ekj "Wi@d oQv kK dkculus' ;
vikar 10.28

oly lekj prit dk {KiQ@ |bx€| gA
EVH ¢ dkvrfo'Vdjuolk ry ij viHyc oQv ufn'kgi{k ghbl dhmpk g]

|a(5xzﬂ
tkh XZdhinke gdk2d gAv Fhe ;g |(l;><E)| gAvV I | ekj "WiQd
dkvkru
|a(5xzﬂ _
L VBXGl _ |s (i
|62 = [a-6x2)

3. s fnod = lj+a /+a/€b bl+b]+b/€vkj ¢ = cz+c1+cl€, gl rke
1

A

b, b,

G G G

()
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(e, Bc) M+ b Be) I +be, e g

r Fi bl Hy ,
5-(5 xc) = 4q (b26‘3 ﬁbscz)"'az (b3cl ﬁblc3)+a3 (blcz ﬁbzcl)
a a o
b b, b,
G G G

4. ;fn 5,[;\/5 Cdlorhul fnkg] ris

(rhukl fn" kkoQpo@ o@p; | vinkfdd x. ki@ oQek e db ifjoru ugh gkk
9A

el yHt, fd g :alzj+azjj+a3kj, l;:blzj+ szj+ b3kJ r Fi E:clzj+ c2]J3kJ gA

rcl] o@y n[kdj gh ge iHr gkkg

[Gb,c] =
G 6 G

= al (b2c3 $ﬁb302) + a2 (b3cl $ﬁblc3) + a3 (blc2 $ﬁb2cl)

= bl (a3c2 $ﬁa203) + b2 (alc3 $ﬁa3cl) + b3 (a2c1 $ﬁa102)

b b, b,
_ |G & G

G 4, 0
=[b,¢,d]
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5. vinkfdd x. ki@ a_(Exz) e] MW (dot) v oa@ (cross)dkijLij cnyktk

I drkgAfull ng]

I
Q
=
=
X
S
p—

t&a.cxb))

#a.c.b

7. [G,d,b]=0. full ng]

=5 .0=0. (D;Kd axa=0)
fVIi . kh mi; Dr 7 e] fn; kifj.ke] nlukcjlkcj | fn’k oQfLFKr; koQfd |l h Hh o@ e glus

ij Hh 1 B gA

1071 rhu I fn"k d hl ery k rk
ie; 1 rhu Ifn’kﬁ,gvk Cleryh gk gl;fnvk oQy ;fn ﬁ)((bxf):() gkkgA

mitk loiRe] elu yHt, fd gG,p vk &leryh gA

—

;fn h vk Clekj I fnkglrehxc=09 vk bl Hy, axbxc)=0 gk
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i p viS Tl ekjughal rkfy x| M kg ijyc gkH D kd G, vISC | eryh g
v r% ax(bxg):()gA
foyler% el y Ht , fd 5><(b><5):OgA;fn av [;XEeI nluk’ KW rj | fn kgl

rkge fu'd"kfudkr g fd g v K bXE nkyKcd | fn 'k gAijr bXE nluklfn‘lkb
v K Eij yc gAvIr% a] b v K E,d |l ery e fLFk glu pKg,] v Fke ; leryh

—

gA;fn g=0g] rk g fd WhHankl fn’ W fo'Rk: i |/ vk CloQleryh gkia;fn

(bxc)=091rkp vh T lekj | fnkgk rPkbl Hy, d,bvk Cleryh gkl
D; Kd d kb Hhnkl fnkl no ,d | ery e gk glt kmul fu/ Kjr ghkkg] rFkd kb | fn' K
t kbu nlukl fnke | fdl h,d | ekj gkkg] Hoh bl hl ery e fLFk gkkgA

fVIi . kh pk fcnvkdhl eryhrkdhppK rhu |l fnnkdhl eryhrkdki;k djr g,]
dht ki drhgAfull ng] pK fcn A, B, Cv Dl eryh gksg]:fnl fn'k AB,AC v ks AD

Il eryh gk

migi. k26 G.(bxT) Kk dHit, ] ;fn5:211+]J+3}§, l;:7f111+2j+k v li<SE:?>IJ+JJ+2kJ 98

2 1 3
gy ge iHr g a.(bx&)=|-1 2 I1|=Ho0.
3 1
milkgj. k27 n' kb, fd | fn’ k ‘721]_2.}+3/€J,5=ﬁ£z]+3_/—4k]v@ 6211_3]J+5kj
Il eryh gA
1 2 3
gy ge ikr g a.(bxe)=[-2 2 -4=0.
1 -3 5

vigie; loaQvul§ G by Cleryh 1 fnkgA

gl k28 s n itk a= 243748 B=20— Ry e=afe7 3R erv e gl rk

Adk el Kk dHt, A
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1 3 1
v FHe ] 2 -1 -1{=0.
AT 3

= 1B+ OG+V)+1(14+0)=0
= A=0.

mnlkoj. k29 n Ko, fd fLFKr | fn’ K 4IJ+5]J+kJ,—(JJ+kJ),3lJ+9JJ+4ka [ 4($§£+JJ+}$
oy o@’ KepkkfcngA, B,Cv K DI erynh gA

gy gettr gfd pk fcn A,B,Cv kDIl eryhr gk g];fnrtuld fn’kAﬁ,AEv@XB

leryh gk g]

chr [ABAGAD]=0 g

vel  AB=fEf+d) 4t +5 M D= fml—6 - 2f
AC = (3zj+9JJ+4kJ) 7f5i4lj+5]J+kj)=7fﬁlj+4]J+3kJ

rFk  AD= 4(—IJ+ ]J-‘r kj)ffﬂ4zj+5f+kj)=7fi§$lj—11+3kj

-4 -6 2
bl idK] [@,KC,E}: -1 4 3|=0.
-8 -1 3

v r% A,B,th’DIeryh; gA

mnkgj. k30 fl ... dHt, fd [ﬁ +5,5+5,5+ﬁ]=2[3,5,5J

(@+b).((b +&)x T +a))

1
Y1
+
!
S
+
!
o
+
Y1

| —
|

(G+b).(b xC +b X G+T %G +C x &)
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= (G+b).(b xC+bxG+Cxa)
(D; kd ¢xC=0 gA

—G.(bx3)+a.(bxa)ta.Cxa)rh. (bx)+b.(bxa)+b.(Cxa)

=|a,b.e|+|a.b.a|+[a.c.al+|5,5.c|+|b.5.a|+ be.a]

gy ge iHr g

[5,5,E+oﬂ 5.(5x(6+;l))

= Ei.(l;><5+l;><c_l”)

Il
1
Y1

S
o

| I—
+

1
Y1
S
QU

| —

i ’uboy h 10-5
1oima=tef+e b= 28T+ Ay isc=3t+ MR o rk[ﬁ*ﬂm dHt, A
(my 24)
3345”8 eryn o8

2. o, fd |0 k= —2,/J+3kj,5=—2z]+3]]—4kjv § =

3. 5n Ifn'kzj—JJ+kJ,3IJ+JJ+2ka|q IJ+7\.]J—3kJ|9fyhﬁ 9] rkAdkekl Kk
dht, A (m§ A=15)
1 ew oy, 10 a=+ J+RB=1\ tsE:clil+c2]I+c3kng rel
(@;fnc, =lvic,=2g]rkc Kie dht,]ftl] &,[;VN C leryh gktkA

(m§ ¢,=2)
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(b);fn6‘2=$ﬁvljc;=lg] rkn' Mo, fd ¢ dkdl Hiel g by Cdle

Il eryh wughcukl drkgA

n Mo, fd fLRRr | ik 40+ 87 128 28+ 47 +68.30+57+ 4R v § 584 5E
oy pKkfcn |l eryh gA

;fn pl fen A(3,2, 1),B(4,x,5),C(4,2, *ﬁ)v K D(6,5,$ﬁ)l eryh g]rkX
dk els Kk dHt, A (my x=95)

st a+b,b+CviyC+ad leryh glrkn ko, fd I fn kg bvk Cleryh

g A



